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Introduction
Quantum annealing and quadratic optimization



Quadratic Optimization Problems

+A Quadratic Unconstrained Binary Optimization problem asks 

for

arg min
𝑎𝑖, 𝑏𝑖𝑗

෍

𝑖

𝑎𝑖𝒒𝒊 +෍

𝑖

𝑏𝑖𝑗𝒒𝒊𝒒𝒋

where 𝑞𝑖 = 0, 1.



Ising Model

+A chain of spins, 𝑆𝑖 = ±1, s.t.

𝐸 = −෍

𝑖

ℎ𝑖𝑆𝑖 +෍

𝑖𝑗

𝐽𝑖𝑗𝑆𝑖𝑆𝑗

+Ideally suited for QUBOs!

𝑞𝑖 =
1 + 𝑆𝑖
2

ℎ𝑖

𝑺𝒊



Quantum annealing

+Can be thought of as analog quantum computation

+Named after simmulated annealing

+Powered by the adiabatic theorem



Simulated annealing

Source: degruyter.com/document/doi/10.1515/geo-2020-0038/html



Quantum annealing – Adiabatic theorem

Start in ground state Ψ0 and evolve under

𝐻 0 → 𝐻(𝑇)

At time 𝑇 you will be 𝛿-close to ground 

state of 𝐻(𝑇) if

𝑇 ≥
105

𝛿2
min

෩𝐻′
4

𝜆4
,
෩𝐻′ ⋅ ෩𝐻′′

𝜆3

Source: medium.com/@quantum_wa

An Elementary Proof of the Quantum Adiabatic Theorem

A. Ambainis, O. Regev (2004)

arxiv.org/abs/quant-ph/0411152

https://arxiv.org/abs/quant-ph/0411152


Quantum annealing – Adiabatic theorem

An Elementary Proof of the Quantum Adiabatic Theorem

A. Ambainis, O. Regev (2004)

arxiv.org/abs/quant-ph/0411152

https://arxiv.org/abs/quant-ph/0411152


Some literature



QUBO Language

𝑎1 𝑏12 𝑏13
0 𝑎2 𝑏23
0 0 𝑎3

𝑞2 = ቊ
1, 𝑞 = 1
0, 𝑞 = 0

= 𝑞

𝑎1

𝑎2 𝑎3

𝑏13𝑏12

𝑏23



QUBO Language

+Impose equality

𝐻 = 𝑞𝑖 − 𝑐 2 → 𝑞𝑖 = 𝑐

+Only one value equal to 1

𝐻 = ∑𝑞𝑖 − 1 2 → ∃! 𝑞𝑖 = 1

+Variable equality

𝐻 = 𝑞𝑖 − 𝑞𝑗
2

→ 𝑞𝑖 = 𝑞𝑗

1 1−2



QUBO problems



D-Wave Computer



D-Wave Computer

+Uses superconducting 

qubits, based on SQUIDS

+Each loop has quantized 

magnetic flux – analagous to 

spins

+Therefore, cryogenic

+We had cloud access to 

these computers



Does D-Wave have a QC?



iQuHACK Challenge
Battle star / Two-not-touch problem



About iQuHACK



Battle star / Two not touch

+Regular puzzle at the New 

York Times

+Rules:

+Each row has 2 stars

+Each column has 2 stars

+Each region has 2 stars

+All stars are neighbour-free



The challenge

Given a puzzle... ...find a solution



+𝑁 × 𝑁 grid

+Each cell is a variable 𝑥𝑖𝑗:

𝑥𝑖𝑗 = ቊ
1, if (𝑖, 𝑗) has a star
0, otherwise

Modeling battlestar
Problem variables



Modeling battlestar
Region contraints

+Lines, columns and regions are similar

+Let a region be 𝑅 = {𝑃1, … , 𝑃𝑟}

+Suppose we want 𝑆 stars in each region

+The constraint hamiltonian is

𝐻 = 𝑆 − ෍

𝑃∈𝑅

𝑥𝑃

2



Modeling battlestar
Nearest neighbours

+We want to penalize close neighbours

+Note that

⟹𝐻 = ෍

𝑃, 𝑄

𝑥𝑃𝑥𝑄

𝒙𝑷 𝒙𝑸 𝒙𝑷𝒙𝑸

0 0 0

0 1 0

1 0 0

1 1 1



Modeling battlestar
The full Hamiltonian

+Our QUBO Hamiltonian:

𝐻 = 𝛾𝑟෍

𝑅

𝑆 − ෍

𝑃∈𝑅

𝑥𝑃

2

Regions

+ 𝛾𝑛 ෍

𝑃, 𝑄

𝑥𝑃𝑥𝑄

Neighbours



Coding the solution

+github.com/spratapsi/battle_star

github.com/spratapsi/battle_star


Results for 𝑁 = 5

Input region Output



Results for 𝑁 = 5

Input region Output



Results for 𝑁 = 10

Input region Output



Results for 𝑁 = 10

Input region Output



Generating puzzles

+What if we could generate puzzles as well?

+Given: grid size (N) and # of stars (S)

+Strategy:

1. Generate stars in empty grid

2. Create compatible regions

+New variables 𝑥𝑃
𝑅 for region generation



+This part is done!

+Use same Hamiltonian as before, without regions

𝐻 = 𝛾𝑟෍

𝑅

𝑆 − ෍

𝑃∈𝑅

𝑥𝑃

2

Rows and columns

+ 𝛾𝑛 ෍

𝑃, 𝑄

𝑥𝑃𝑥𝑄

Neighbours

Generating puzzles
Create star distribution



+Constraint 1: Each cell must have a unique region

𝐻 = 1 −෍

𝑅

𝑥𝑃
𝑅

2

, for each 𝑃

Generating puzzles
Create regions



+Constraint 2: Each region has 𝑆 stars

𝐻 = 1 − ෍

𝑃∈𝑠𝑡𝑎𝑟𝑠

𝑥𝑃
𝑅

2

, for each 𝑅

Generating puzzles
Create regions



+Constraint 3: connectedness

𝐻 = − ෍

(𝑃,𝑄)

𝑥𝑃
𝑅𝑥𝑄

𝑅 , for each 𝑅

+However, this favors giant regions!

Generating puzzles
Create regions



+Constraint 4: connectedness

𝐻 = 𝑁 −෍

𝑃

𝑥𝑃
𝑅

2

, for each 𝑅

+Every region has the same size. Notice we are minimizing:

𝐻 =
1

𝑁
෍

𝑅

෍

𝑃

𝑥𝑃
𝑅 − 𝑁

2

, for each 𝑅

Generating puzzles
Create regions



+Full Hamiltonian

𝐻 = 𝛾1෍

𝑃

1 −෍

𝑅

𝑥𝑃
𝑅

2

+ 𝛾2෍

𝑅

1 − ෍

𝑃∈𝑠𝑡𝑎𝑟𝑠

𝑥𝑃
𝑅

2

−𝛾3෍

𝑅

෍

𝑃,𝑄

𝑥𝑃
𝑅𝑥𝑄

𝑅 + 𝛾4෍

𝑅

෍

𝑃

𝑥𝑃
𝑅 − 𝑁

2

Generating puzzles
Create regions



Generating puzzles
Results for 𝑁 = 7



Generating puzzles
Results for 𝑁 = 12
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