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particle physics



The structure of matter
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The Standard Model is successful

Magnetic moment of the electron: 
(torque an electron feels in a magnetic 
field) 

Most accurately verified prediction in 
the history of physics

Theory
Exp.

ae = 0.001159652181643(764)

ae = 0.00115965218073(28)

ae = (g � 2)/2
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The Standard Model 
is successful
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Deep inelastic scattering of 
electron on proton (hits and breaks 
proton apart)

Verification at 
many scales
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Example: 
Dark matter 

Despite the success of the 
Standard Model, most of the 
matter in the universe is 
something else!

The Standard Model isn’t everythingBUT
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The Standard Model isn’t everythingBUT

• Dark matter and dark energy 

• Neutrino masses 

• Matter–antimatter asymmetry 

• Gravity 

• Naturalness problems 

• …



The search for new physics
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• Sensitivity to probe the rarest Standard Model interactions  

• Search for beyond—Standard-Model effects

• Dark matter direct detection 

• Neutrino physics 

• Charged lepton flavour violation, ββ-decay,  
proton decay, neutron-antineutron oscillations…

Precise experiments seek new physics 
at the “Intensity Frontier”



The search for new physics
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• Sensitivity to probe the rarest Standard Model interactions  

• Search for beyond—Standard-Model effects

Precise experiments seek new physics 
at the “Intensity Frontier”

EXPERIMENTS USE NUCLEAR 
TARGETS 

 
NEED TO UNDERSTAND 

STANDARD MODEL PHYSICS  
OF PROTONS & NUCLEI
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Understanding the quark and gluon 
structure of matter

Emergence  
of complex 
structure in 

nature Backgrounds and 
benchmarks for 

searches for new 
physics
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Understanding the quark and gluon 
structure of matter

Emergence  
of complex 
structure in 

nature Backgrounds and 
benchmarks for 

searches for new 
physics

Advances in 
computing and 

algorithms

1

2

3



Strong interactions
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Binds quarks and 
gluons into protons, 
neutrons, pions etc. Binds protons and 

neutrons into nuclei

Forms other types 
of exotic matter 
e.g., quark-gluon 
plasma 

Study nuclear structure from the strong interactions 

Quantum Chromodynamics (QCD)

Strongest of the four forces in nature



Strong interactions
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Interaction strength depends on energy 
[Gross, Politzer, Wilczek, Nobel 2004]

Strong coupling

Energy

Perturbation theory at 
high energies

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Low-energy QCD is 
non-perturbative



Lattice QCD
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t ! i⌧
Numerical first-principles approach to  

non-perturbative QCD

• QCD equations            integrals over the values of quark and 
gluon fields on each site/link (QCD path integral) 

• ~1012 variables (for state-of-the-art)

• Evaluate by importance sampling 

• Paths near classical action 
dominate 

• Calculate physics on a set 
(ensemble) of samples of the 
quark and gluon fields

x

tt0 t1 t2 tn

xA

xB



Euclidean space-time 

• Non-zero lattice spacing 

• Volume 

Some calculations use larger- 
than-physical quark masses (cheaper)

Lattice QCD

Phiala Shanahan, MIT

x64

t ! i⌧

hOi =
1

Z

Z
DAD D O[A,  ]e�S[A,  ]

hOi '
1

Nconf

NconfX

i

O([U i])

Approximate the QCD path integral by Monte Carlo

with field configurations        distributed according toU i e�S[U ]

a

L3 ⇥ T ⇡ 323 ⇥ 64

Numerical first-principles approach to  
non-perturbative QCD

L3 ⇥ T ⇡ 323 ⇥ 64



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT

INPUT

⇡,K,Ds, Bs
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<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

2S-1S
<latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit>

f⇡
<latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit>

⌦
<latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit>

OUTPUT

⌥
<latexit sha1_base64="ovFU5H075FkHFMycU82lc3yiyGg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4ruG2hXUo2zbah2SQmWaEs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vdLa+sbmVnm7srO7t39QPTxqGZlpQkMiudSdGBvKmaChZZbTjtIUpzGn7Xh8O/PbT1QbJsWDnSgapXgoWMIItk7q9EJlGJeiX635dX8OtEqCgtSgQLNf/eoNJMlSKizh2Jhu4Csb5VhbRjidVnqZoQqTMR7SrqMCp9RE+fzeKTpzygAlUrsSFs3V3xM5To2ZpLHrTLEdmWVvJv7ndTObXEc5EyqzVJDFoiTjyEo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vktZFPfDrwf1lrXFTxFGGEziFcwjgChpwB00IgQCHZ3iFN+/Re/HevY9Fa8krZo7hD7zPHzQxkBA=</latexit><latexit sha1_base64="ovFU5H075FkHFMycU82lc3yiyGg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4ruG2hXUo2zbah2SQmWaEs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vdLa+sbmVnm7srO7t39QPTxqGZlpQkMiudSdGBvKmaChZZbTjtIUpzGn7Xh8O/PbT1QbJsWDnSgapXgoWMIItk7q9EJlGJeiX635dX8OtEqCgtSgQLNf/eoNJMlSKizh2Jhu4Csb5VhbRjidVnqZoQqTMR7SrqMCp9RE+fzeKTpzygAlUrsSFs3V3xM5To2ZpLHrTLEdmWVvJv7ndTObXEc5EyqzVJDFoiTjyEo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vktZFPfDrwf1lrXFTxFGGEziFcwjgChpwB00IgQCHZ3iFN+/Re/HevY9Fa8krZo7hD7zPHzQxkBA=</latexit><latexit sha1_base64="ovFU5H075FkHFMycU82lc3yiyGg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4ruG2hXUo2zbah2SQmWaEs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vdLa+sbmVnm7srO7t39QPTxqGZlpQkMiudSdGBvKmaChZZbTjtIUpzGn7Xh8O/PbT1QbJsWDnSgapXgoWMIItk7q9EJlGJeiX635dX8OtEqCgtSgQLNf/eoNJMlSKizh2Jhu4Csb5VhbRjidVnqZoQqTMR7SrqMCp9RE+fzeKTpzygAlUrsSFs3V3xM5To2ZpLHrTLEdmWVvJv7ndTObXEc5EyqzVJDFoiTjyEo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vktZFPfDrwf1lrXFTxFGGEziFcwjgChpwB00IgQCHZ3iFN+/Re/HevY9Fa8krZo7hD7zPHzQxkBA=</latexit><latexit sha1_base64="ovFU5H075FkHFMycU82lc3yiyGg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4ruG2hXUo2zbah2SQmWaEs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vdLa+sbmVnm7srO7t39QPTxqGZlpQkMiudSdGBvKmaChZZbTjtIUpzGn7Xh8O/PbT1QbJsWDnSgapXgoWMIItk7q9EJlGJeiX635dX8OtEqCgtSgQLNf/eoNJMlSKizh2Jhu4Csb5VhbRjidVnqZoQqTMR7SrqMCp9RE+fzeKTpzygAlUrsSFs3V3xM5To2ZpLHrTLEdmWVvJv7ndTObXEc5EyqzVJDFoiTjyEo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vktZFPfDrwf1lrXFTxFGGEziFcwjgChpwB00IgQCHZ3iFN+/Re/HevY9Fa8krZo7hD7zPHzQxkBA=</latexit>



Numerical first-principles approach to  
non-perturbative QCD

• Many millions of CPU/
GPU hours  

• Specifically designed 
processors for QCD  

Lattice QCD

Phiala Shanahan, MIT

Calculations use world’s largest computers



Lattice QCD works

Phiala Shanahan, MIT

• Ground state hadron spectrum 
reproduced 

• p-n mass splitting reproduced 

• …

• Predictions for new states with 
controlled uncertainties
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Lattice QCD (Brown et al., 2014)

FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Recently determined 
by LHCb experiment

Science 347:1452-1455,2015



Lattice QCD works

Phiala Shanahan, MIT

Essential input for flavour physics by constraints on CKM matrix

• CKM matrix determines strength of weak interactions between 
quark flavours 

• Parameters are inputs to Standard Model       
             overdetermining CKM tests Standard Model 

• LQCD critical to extraction of all but Vtd: a synergy between 
theory and experiment

[experiment] = [known] x [CKM] x [hadronic matrix element]

a

b

Vab

W ±



Theory complements experiment

Phiala Shanahan, MIT



The structure of matter

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

Emergence  
of complex 
structure in 

nature Backgrounds and 
benchmarks for 

searches for new 
physics

Advances in 
computing and 

algorithms

1

2

3



JLab

The structure of matter

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

Defining effort in experiment

Motivation

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 2 / 15

Electron Ion Collider:
The Next QCD Frontier

Understanding the glue 
that binds us all

LHC

EIC

Tevatron

DESY



Parton distributions in the proton

Nulla vitae elit libero pharetra

Cursus Consectetur

Longitudinal momentum fraction 
carried by parton

The gluon structure of the nucleon

Phiala Shanahan, MIT

• Past 60+ years: detailed view  
of quark structure of nucleons 

• Gluon structure also important 

• Unpolarised gluon parton 
distribution function dominant  
at small longitudinal momentum 
fraction 

• Other aspects of gluon structure 
relatively unexplored

Gluons offer a new window on proton/nuclear structure



• Momentum  

• Spin

How is the gluon structure of a proton  
modified in a nucleus

• Exotic glue

The gluon structure of the nucleon

• Gluon ‘EMC’ effect

How much do gluons contribute to the proton’s
• Mass 

• D-term

• Pressure distribution

• Encoded in gluon distribution functions and form factors

What is the 3D gluon distribution of a proton

Phiala Shanahan, MIT
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Decomposition of proton momentum

State-of-the-art calculations for simple 
quantities have: 

• Fully-controlled systematic uncertainties 
competitive with or better than 
experiment for some quantities 

• Separate contributions from 
• Strangeness and light flavours 

• Gluons

2020 Highlight: All terms of 
proton momentum 
decomposition calculated

[C. Alexandrou et al., PRD 101 (2020)]

20

functions with respect to the stout parameter, leads to a
convergence at a small number of stout steps. This has
been confirmed in other calculations with stout smear-
ing [33, 83]. Using the lattice spacing and coupling con-
stant of the ensemble under study we extract the mixing
coe�cients:

ZMS
qg1 = 0.232 , (65)

ZMS
qg2 = 0.083 , (66)

ZMS
gq1 = �0.027 . (67)

VI. RESULTS

In this section we give the renormalized matrix ele-
ments, by combining the bare matrix elements extracted
in Sec. IV and the renormalization factors in Sec. V yield-
ing our physical results. The renormalized results are
obtained from the expressions

Xq+

R = ZqqX
q+

B +
�Zqq

Nf

X

q=u,d,s,c

Xq+

B +
Zqg

Nf
Xg

B (68)

Xg
R = ZggX

g
B + Zgq

X

q=u,d,s,c

Xq+

B (69)

where X = hxi, J , and �Zqq the di↵erence between sin-
glet and non-singlet Zqq and Nf = 4 since we have four
flavors in the sea. In order to fully decompose the quark
flavors we use the corresponding isovector results from
Refs. [25, 51], which are also given in Table VI for com-
pleteness.

In Fig. 23 we show our results for the proton aver-
age momentum fraction for the up, down, strange and
charm quarks, for the gluons as well as their sum. The
up quark is the largest quark contribution, namely about
35%, twice bigger than the down quark. The strange
quark contributes significantly smaller, namely about 5%
and the charm is restricted to about 2%. The gluon
has a significant contribution of about 45%. Summing

all the contributions results to
P

q=u,d,s,chxi
q+

R + hxigR =
104.5(11.8)%, confirming the expected momentum sum.
Fig. 23 also demonstrates that disconnected contribu-
tions are crucial and if excluded would result to a sig-
nificant underestimation of the momentum sum.

The individual contributions to the proton spin are
presented in Fig. 24 as extracted from Eq. (11). The ma-
jor contribution comes from the up quark amounting to
about 40% of the proton spin. The down, strange and
charm quarks have relatively smaller contributions. All
quark flavors together constitute to about 60% of the pro-
ton spin. The gluon contribution is significant, namely
about 40% of the proton spin, providing the missing piece
to obtain in total 94.6(14.2)% of the proton spin.

FIG. 23: The decomposition of the proton average momen-
tum fraction hxi. We show the contribution of the up (red
bar), down (green bar), strange (blue bar), charm (orange
bar), quarks and their sum (purple bar), the gluon (cyan bar)
and the total sum (grey bar). Note that what is shown is the
contribution of both the quarks and antiquarks (q+ = q+ q̄).
Whenever two overlapping bars appear the inner bar denotes
the purely connected contribution while the outer one is the
total contribution which includes disconnected taking into ac-
count also the mixing. The error bars for the former are
omitted while for the latter are shown explicitly on the bars.
The percentages written in the figure are for the total con-
tribution. The dashed horizontal line is the momentum sum.
Results are given in MS scheme at 2 GeV.

The
P

q=u,d,s B
q+

20 (0)+Bg
20(0) is expected to vanish to

respect the momentum and spin sums, as pointed out by
Eq. (11). We find for the renormalized values that

X

q=u,d,s

Bq+

20,R(0) +Bg
20,R(0) = �0.099(91) (70)

which is indeed compatible with zero within its statistical
uncertainty.
Since the quark contribution to the proton spin is com-

puted, it is interesting to see how much comes from the
intrinsic quark spin. In Fig. 25 we show our results for
1
2�⌃q+ = 1

2g
q+

A . These are taken from Ref. [25] and in-
cluded in Table V, for easy reference. The up quark has a
large contribution, up to about 85% of the proton intrin-
sic spin. The down quark contributes about half com-
pared to the up and with opposite sign. The strange and
charm quarks also contribute negatively with the latter
being about five times smaller than the former giving a
1% contribution. The total 1

2�⌃q+ is in agreement with
the upper bound from COMPASS [84].
Having both the quark angular momentum and the

quark intrinsic spin allows us to extract the orbital an-
gular momentum using Eq. (12). For a direct calcula-
tion using TMDs see Ref. [85]. Our results are shown
in Fig. 26. The orbital angular momentum of the up

MS-scheme at 2 GeV
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Pressure inside the proton
Quarks are confined inside protons 

• compressive forces must cancel expanding force for stability

What is the peak 
pressure? 

Bike tyre ~105 Pa 
Ocean floor ~108 Pa 
Neutron star ~1034 Pa 
Proton ~??

What is the radial 
extent of the 
pressure 
distribution?

How do quarks and 
gluons contribute?



EXPERIMENT + LQCD    
[Shanahan, Detmold PRL 122 072003 (2019)]

• First complete pressure determination 

• Gluons change the picture! 
• Explore kinematics needed in future 

experiments 

Phiala Shanahan, MIT

Pressure inside the proton
Recent experimental extraction of proton’s 
pressure distribution
[V. D. Burkert et al, Nature 557, 396 (2018)] 

• Peak pressure near the centre ~1035 

Pascal > pressure estimated for 
neutron stars 

• Experiment only sensitive to quark 
contributions, not to gluons

Radial pressure distribution
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total BEG
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Blue → Red: 
gluon contribution shifts peaks, extends region 

over which pressure is non-zero 



Nucleon 

Phiala Shanahan, MIT

Next: pressure distribution in nuclei

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Pressure in light nuclei 
c.f. pressure in the nucleon?
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Pion 
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Pion & Nucleon 
quark and gluon 
momentum fractions 
consistent within 
uncertainties, but 
very different 
pressure 
distributions 
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Next: pressure distribution in nuclei

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Pressure in light nuclei 
c.f. pressure in the nucleon?
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Light nuclei 

?
coming soon

Nucleon Pion 

Insights into equation of 
state of neutron stars?



Nuclear physics from lattice QCD

Phiala Shanahan, MIT

Nuclei on the lattice are 
HARD 

• Noise:  
Statistical uncertainty grows 
exponentially with number of 
nucleons 

• Complexity: 
Number of contractions grows 
factorially time

COST

Calculations possible for A<5



Proton-proton fusion and tritium 
β-decay  
[PRL 119, 062002 (2017)] 

Double β-decay      
[PRL 119, 062003 (2017), PRD 96, 054505 (2017)] 

Gluon structure of light nuclei       
[PRD 96 094512 (2017)] 

Scalar, axial, tensor MEs       
[PRL 120 152002 (2018)] 

Baryon-baryon interactions, 
including QED       
[2003.12130, 2009.12357] 

EMC-type effects in light nuclei       
[2009.05522]

Phiala Shanahan, MIT

Recent highlights

Nuclear physics from lattice QCD

Nuclei with A<5  
unphysical quark masses 

First calculation of spectrum 
of light nuclei in 2013 

Nuclear physics 
from lattice QCD 
Collaboration

Other lattice studies of nuclei:

PACS-CS e.g. ,Yamazaki et al,  
Phys.Rev.D 92 (2015); 
Callatt e.g., E Berkowitz et al,  
Phys.Lett.B 765 (2017) 285
Mainz e.g., A. Francis et al, Phys.Rev.D 99 (2019) 
HALQCD e.g., Ishii et al,  
Phys.Rev.Lett. 99 (2007) (potential approach)
 



Encoded in EMC-type effects  

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

How is the partonic structure of 
nucleons modified in nuclei? 

Longitudinal momentum fraction

D
IS

 X
-s
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tio

n 
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(EMC: Aubert et al., 1983)

The structure of matter
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4

was used to study nuclear e↵ects in PDF moments. In
particular, it was shown that the leading source of such
e↵ects is the two-nucleon correlations that couple to the
twist-two operators defining the PDF moments. In terms
of the parameters defined in that work, nuclear e↵ects
in the isovector momentum fraction are encapsulated in
the low energy constant (LEC) ↵3,2 and nuclear fac-
tor G3(3He); their product is bounded as ↵3,2G3(3He) =
0.0018(14) at µ = 2 GeV from the numerical calcula-
tions presented here (see the Supplementary Material for
details). While the quark momentum fractions them-
selves have nonanalytic dependence on the quark masses
[66–68], this two-body LEC is expected to be relatively
insensitive to variation of the quark masses, as seen for
the the analogous two-body contribution in the np ! d�

[39] and pp ! de
+
⌫e [42, 69] processes. This relative

mass-independence assumption allows an extrapolation
to the physical quark masses: a naive estimate is given
by taking the central value determined at m⇡ = 806
MeV and inflating the uncertainty by 50% to account
for possible quark-mass dependence as well as the e↵ects
of the nonzero lattice spacing and finite volume (this un-
certainty is estimated based on the mass dependence seen
for the analogous two-body LECs in Refs. [39, 42, 69]).
This extrapolated value can be combined with the physi-

cal value of the nucleon momentum fraction, hxi(p)u�d =
0.160(7) at µ = 2 GeV from the nNNPDF2.0 analy-
sis [31], to determine the isovector momentum fraction

ratio 3hxi(
3He)
u�d /hxi

(p)
u�d|LQCD = 1.035(26) at the physical

quark masses (see the Supplementary Material for more
details).

It is interesting to compare the LQCD results for the
momentum fractions and their ratios to phenomenology.
In particular, the isovector momentum fractions deter-
mined here provide valuable information that is com-
plementary to experimental constraints on the nuclear
modification of PDFs; almost all information on the nu-
clear modification of partonic structure has been ob-
tained for the ratio of isoscalar-corrected F2 structure
functions of nuclei to that of the deuteron [3, 5, 6]. Ad-
ditional constraints are especially valuable in the context
of the intriguing question as to whether there is flavor-
dependence to the EMC e↵ect. Such flavor dependence
has been conjectured in models of QCD [70–75] and in
EFT [63–65] and is included in recent data-driven analy-
ses of experimental results [76, 77] and provides a poten-
tial explanation of the NuTeV anomaly in sin2 ✓W [78].

Fig. 3 shows the constraint on the isovector momen-
tum fraction ratio for 3He obtained from the results
presented here, compared with the constraints on the
isovector and isoscalar momentum fraction ratios from
the recent nNNPDF2.0 [31] global nuclear PDF fits. The
nNNPDF2.0 ellipse is generated by combining the Monte
Carlo replica sets for the bound proton PDFs in 4He
appropriately to form the PDFs of 3He (under the as-

0.85 0.90 0.95 1.00 1.05 1.10 1.15
0.85

0.90

0.95

1.00
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1.10

1.15

FIG. 3. The ratio of the isovector momentum fractions of
3He and p determined in this work compared to constraints on
the isovector and isoscalar momentum fraction ratios from the
nNNPDF2.0 [31] global analysis before and after the LQCD
constraint is imposed. Both axes are normalized to unity in
the absence of nuclear e↵ects. The LQCD constraint on the
isovector ratio at m⇡ = 806 MeV is also displayed. In all
cases, 68% confidence intervals are shown.

sumption that the nuclear e↵ects vary slowly with A). In
this way, correlations between the 3He and proton PDFs
are accounted for. For the isovector combination, the

68% confidence interval is 3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0 =

1.007(63). In the nNNPDF approach, it is also straight-
forward to impose the LQCD constraint on the nuclear
PDFs by reweighting the Monte Carlo replicas as dis-
cussed in Ref. [79]; the combined confidence region is
shown in Fig. 3. The 68% confidence interval reduces to

3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0+LQCD = 1.028(25). Fig. 4

compares the ratio of the isovector PDF for 3He to that
of the constituent nucleons, with and without the impo-
sition of the LQCD constraint. As can be seen from the
reduced uncertainties in Figs. 3 and 4, LQCD calcula-
tions such as those presented here, as well as new experi-
mental constraints [80, 81], can significantly improve our
knowledge of the flavor dependence of nuclear PDFs.

Summary — In this work, the isovector momentum
fractions of the proton, diproton and 3He systems have
been determined using LQCD, complementing a previ-
ous study of the gluon momentum fraction on the same
ensemble [45]. These calculations were performed at a
single set of unphysical SU(3)-symmetric values for the
quark masses corresponding to m⇡ = 806 MeV, and in
a single lattice volume and at a single lattice spacing.
Bearing these caveats in mind, the isovector nuclear mo-
mentum fractions were calculated precisely and found to

• Match isovector (u-d quark 
combination) momentum fraction 
to low-energy constants of 
effective field theory, extrapolate 
to physical quark masses 

• Include into nNNPDF global fits of 
experimental lepton-nucleus 
scattering data

[NPLQCD 2009.05522 (2020)]

Momentum fraction of 3He
Study nuclear effects in the breakdown 
of momentum carried by quarks in nuclei

Blue → Purple: 
Improvement using theory constraints

Ratio of        to proton 
momentum fractions

3
He
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[NPLQCD 2009.05522 (2020)]

Momentum fraction of 3He
Study nuclear effects in the breakdown 
of momentum carried by quarks in nuclei

Blue → Purple: 
Improvement using theory constraints

Ratio of        to proton 
parton distributions

3
He
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FIG. 4. The ratio R(
3
He)(x) = 3q(

3
He)

3
(x)/q(p)

3
(x) of the

nNNPDF2.0 isovector PDF in 3He to that in the proton [31],
as well as the same distribution with the LQCD moment con-
straint imposed into the global analysis as described in the
text. 68% confidence intervals are shown.

be similar to that of the proton. In particular, the ra-

tios hxi
(pp)
u�d/hxi

(p)
u�d = 1.010(14) and 3hxi(

3He)
u�d /hxi

(p)
u�d =

1.029(15) were determined and nuclear EFT arguments
were used to connect the 3He result to global analyses
of nuclear PDFs, providing important constraints on the
flavor decomposition of nuclear PDFs that are comple-
mentary to those obtained from experiment.

While in its early stages, this work emphasizes the util-
ity of LQCD in constraining less well-measured aspects
of partonic structure in an analogous way to how LQCD
inputs have been used to constrain the proton transver-
sity PDFs [82]. Future calculations at the physical quark
masses will consider higher moments of nuclear PDFs
(or even directly study their x dependence) for a wider
range of nuclei and provide a complete flavor decompo-
sition. Calculations will also quantitatively address the
full set of systematic uncertainties.
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with additional European FEDER funds under the con-
tract FIS2017-87534-P. KO was supported in part by
U.S. DOE grant DE-FG02-04ER41302 and in part by
the Je↵erson Science Associates, LLC under U.S. DOE
Contract DE-AC05-06OR23177. This manuscript has
been authored by Fermi Research Alliance, LLC under
Contract No. DE-AC02-07CH11359 with the U.S. De-
partment of Energy, O�ce of Science, O�ce of High En-
ergy Physics. The authors thank Robert Edwards, Bálint
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• Match isovector (u-d quark 
combination) momentum fraction 
to low-energy constants of 
effective field theory, extrapolate 
to physical quark masses 

• Include into nNNPDF global fits of 
experimental lepton-nucleus 
scattering data
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Compelling evidence for dark matter 

• Rotation curves 

• Lensing 

• Structure 
formation  

• Cosmic microwave 
background
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5%
Normal matter

The building blocks of 
stars and planets (and 
everything on Earth). 

69 %
Dark energy

Something that we don’t 
understand… but it’s not 
matter. 

Responsible for the 
accelerating expansion of 
the universe 

Many models for dark matter!

BUT few constraints

26 %
Dark matter

Matter that we don’t 
understand. 

Doesn’t emit or absorb 
light. Interacts through 
gravity. 
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[Tim Tait, Snowmass 2013]
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How do we find dark matter?

Dark (does not  
interact with light) 

Interacts through  
gravity

WIMP 
Weakly-interacting 
massive particles

Direct detection 
Wait for DM to hit us

Detection rate depends on

•Dark matter properties 

•Probability for interaction with 
nucleus



18 27. Dark Matter

mass parameter space, above masses of 0.3 GeV.

Figure 27.1: Upper limits on the SI DM-nucleon cross section as a function of DM mass.

27.7 Astrophysical detection of dark matter
DM as a microscopic constituent can have measurable, macroscopic e�ects on astrophysical

systems. Indirect DM detection refers to the search for the annihilation or decay debris from DM
particles, resulting in detectable species, including especially gamma rays, neutrinos, and antimatter
particles. The production rate of such particles depends on (i) the annihilation (or decay) rate (ii)
the density of pairs (respectively, of individual particles) in the region of interest, and (iii) the
number of final-state particles produced in one annihilation (decay) event. In formulae, the rate
for production of a final state particle f per unit volume from DM annihilation can be cast as

≈
A

f = c
fl

2

DM

m
2

DM

È‡vÍN
A

f , (27.18)

where È‡vÍ indicates the thermally-averaged cross section for DM annihilation times relative velocity
[27], calculated at the appropriate temperature, flDM is the physical density of DM, and N

A

f
is the

number of final state particles f produced in one individual annihilation event. The constant c

depends on whether the DM is its on antiparticle, in which case c = 1/2, or if there is a mixture of
DM particles and antiparticles (in case there is no asymmetry, c = 1/4). The analog for decay is

≈
D

f = flDM

mDM

1
·DM

N
D

f , (27.19)

with the same conventions for the symbols, and where ·DM is the DM’s lifetime.
Gamma Rays: DM annihilation to virtually any final state produces gamma rays: emis-

sion processes include the dominant two-photon decay mode of neutral pions resulting from the
hadronization of strongly-interacting final states; final state radiation; and internal bremsshtralung,
the latter two including, possibly, the emission of massive gauge or Higgs bosons subsequently pro-
ducing photons via their decay products. Similarly, neutrinos are produced from charged pion
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Determine interaction cross-section (with nucleus)  
for a given dark matter model 

• Born approximation – interacts with a single 
nucleon 

• Interacts non-trivially with multiple nucleons 

Second term may be significant! 

Not known!

� ⇠ |A hN |DM |Ni + ↵ hNN |DM |NNi + . . . |2

known from lattice QCD

� ⇠ |A hN |DM |Ni|2

Direct detection experiments use nuclear targets e.g., Xenon



Phiala Shanahan, MIT

ME
A(Nucleon ME) 1
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10%

[NPLQCD PRL120 (2018), 152002] 

• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in 3He           potentially very significant effects in e.g., Xenon 

• Same calculation gives axial and tensor nuclear effects around ~1%

Spin-independent scattering of WIMP candidates is governed by scalar 
matrix elements

Dark matter direct detection

Isolate “nuclear effect”
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• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in 3He           potentially very significant effects in e.g., Xenon 

• Same calculation gives axial and tensor nuclear effects around ~1%

Spin-independent scattering of WIMP candidates is governed by scalar 
matrix elements

Dark matter direct detection

Unexpectedly large multi-body 
effects can not be neglected in 

interpretation of dark matter direct 
detection experiments
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• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in 3He           potentially very significant effects in e.g., Xenon 

• Same calculation gives axial and tensor nuclear effects around ~1%

Spin-independent scattering of WIMP candidates is governed by scalar 
matrix elements

Dark matter direct detection

Unexpectedly large multi-body 
effects can not be neglected in 

interpretation of dark matter direct 
detection experiments

Calculation at ~physical 
quark masses in progress 

Stay tuned!
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Larger nuclei

• Nuclear effective field theory: 

1-body currents are dominant 

2-body currents are sub-leading  
but non-negligible 

• Determine one body contributions from single nucleon 

• Determine few-body contributions from A=2,3,4...  

• Match effective theory and many body methods to 
lattice results to make predictions for larger nuclei

What about larger  
(phenomenologically-relevant) nuclei?



Phiala Shanahan, MIT

Pushing the boundaries
Will we ever achieve first-principles 

nuclear physics beyond A=4?

Interpretation of intensity-frontier experiments

Axial form factors of Argon A=40 
DUNE long-baseline neutrino expt. 

Double-beta decay rates of Calcium A=48 

Scalar matrix elements in A=131 
XENON1T dark matter direct detection search 

How finely tuned is the emergence of nuclear structure in nature?

Need exponentially  
improved algorithms

Exponentially harder  
problem
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Generate QCD gauge fields
amiltonian dynamics can be used to produce distant proposals for the Metropolis algorithm, thereby avoiding the slow exploration of 
the state space that results from the diffusive behaviour of simple random-walk proposals 

Generate field configurations           with probability          �(x)

P [�(x)] ⇠ e�S[�(x)]

Hamiltonian/Hybrid Monte Carlo

Burn-in time and correlation length dictated by Markov chain ‘auto-
correlation time’: shorter autocorrelation time implies less computational 
cost 
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Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
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Generate QCD gauge fields
QCD gauge field configurations sampled via  

Hamiltonian dynamics + Markov Chain Monte Carlo

Updates diffusive

Lattice spacing 0

Number of updates 
to change fixed 

physical length scale
∞

“Critical slowing-down”  
of generation of uncorrelated samples



Phiala Shanahan, MIT

Generate QCD gauge fields
Generate field configurations           with probability          �(x)

P [�(x)] ⇠ e�S[�(x)]
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Generate QCD gauge fields

Parallels with image generation problem
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Generative flow models
Flow-based models learn a change-of-variables that transforms a known 
distribution to the desired distribution  

Can be made exact through accept/reject!

[Rezende & Mohamed 1505.05770]  



)ORZ�EDVHG�JHQHUDWLYH�PRGHOV

1RUPDOL]LQJ�IORZV�HQDEOH�DSSUR[LPDWH
VDPSOLQJ�LQIHUHQFH�IRU�FRPSOLFDWHG�GLVWULEXWLRQV�

��

,QYHUWLEOH
	

7UDFWDEOH�
-DFRELDQ

(DVLO\�VDPSOHG $SSUR[LPDWHV�
GHVLUHG�GLVW�

>5H]HQGH�	�0RKDPHG�����������@

Phiala Shanahan, MIT

Generative flow models
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Machine learning QCD
Physics is invariant under 

specific field transformations

Rotation, translation (4D), 
with boundary conditions

Gauge field 
configuration

Transformed  
gauge field configuration

Encode same physics

Ensemble of lattice QCD gauge 
fields

643 x128 x 4 x Nc2 x 2 
≃109 numbers 

~1000 samples 

Ensemble of gauge fields has 
meaning 

Long-distance correlations are 
important 

Gauge and translation-
invariant with periodic 
boundaries



Phiala Shanahan, MIT

Machine learning QCD
Physics is invariant under 

specific field transformations

Gauge transformation

Gauge field 
configuration

Transformed  
gauge field configuration

Encode same physics

Uµ(x)

x

µ̂

⌫̂

x+ µ̂
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tion value of an operator O that defines some physical quantity is given by:

hOi =
1

Z

Z
D D ̄DAO[ ,  ̄, A] e�S[ , ̄,A] (1)

=
1

Z

Z
DUÕ[U ] e�S̃[U ]

, (2)

where Z =
R
D D ̄DA e

�S[ , ̄,A], the (anti-)fermion and gluon fields (gauge fields) are denoted
by  ( ̄) and A, and S[ ,  ̄, A] is the discretised QCD action (defined in Appendix B 1). In the
second line, the fermion and anti-fermion fields are integrated out exactly, and the gauge fields are
transformed to link fields U = e

iA, to give an e↵ective action S̃[U ] and operator Õ[U ] depending
only on the gluon link fields. The resulting integral can be approximated as

hOi u 1

Ncfg

NcfgX

i=1

O[Ui], (3)

where the gauge field configurations Ui (i indexes the configurations in a given “ensemble” of

fields) are distributed according to the probability measure e
�S̃[U ]. In practice, this is guaranteed

by sampling the fields from a Markov chain Monte-Carlo stream for which this probability measure
is a fixed point. These representative gauge fields are the input data for the ML approaches to
parametric regression studied here. For additional details of the LQCD approach, see Refs. [2, 3]
and Appendix B 1.

Lattice QCD gauge fields are represented as links between sites on a 4-dimensional lattice
of volume2 V = L

3
⇥ T , with the lattice sites separated by some physical distance a, typically

0.05–0.15 fm. Each link, labelled by Uµ(x), where x denotes the spacetime coordinates of the
origin site and µ the direction of the link, is encoded by an SU(3) matrix (a 3 ⇥ 3 complex
matrix M with M

�1 = M
† and det[M ] = 1)3. Links in opposing directions are related via

U�µ(x) = U
†
µ(x � µ̂), and only links in the positive direction are stored. In this format, a gauge

field used in typical modern lattice QCD calculations, where for example L = 64 and T = 128, is
described by L

3
⇥T ⇥4⇥18 ⇡ O(109) floating point or double precision numbers, where the factor

of 4 arises from the number of positive spacetime directions (labelled by µ). In order to recover
QCD results, calculations must be performed on a number of ensembles of field configurations with
di↵erent lattice spacings a and lattice volumes V , and the continuum (a ! 0) and large-volume
(V ! 1) limits must be taken.

The governing equations of QCD and their lattice counterparts have a variety of symmetries,
some that are highly non-trivial. The symmetries satisfied by ensembles of gauge fields are of par-
ticular interest in the context of the ML approaches studied here, as they place strong restrictions
on numerical operations that can be performed on lattice data to extract physically meaningful
results. In particular, lattice QCD is invariant under a local symmetry of the gauge fields known
as a gauge symmetry; this is an invariance under local multiplications of link variables by SU(3)
matrices

Uµ(x) ! U
0

µ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂) for all ⌦(x) 2 SU(3), (4)

referred to as a gauge transformation (note that the matrix ⌦(x) di↵ers at every spacetime point).
This symmetry is not apparent from the numerical representation of a QCD configuration, but

2 The spatial, L, and temporal, T , extents of the lattice geometry are often distinct.
3 Here, M† = (M⇤)T is the Hermitian conjugate. An SU(3) matrix can be specified by 8 real numbers, but typically
the redundant representation with 18 real numbers is used.
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DUÕ[U ] e�S̃[U ]

, (2)

where Z =
R
D D ̄DA e

�S[ , ̄,A], the (anti-)fermion and gluon fields (gauge fields) are denoted
by  ( ̄) and A, and S[ ,  ̄, A] is the discretised QCD action (defined in Appendix B 1). In the
second line, the fermion and anti-fermion fields are integrated out exactly, and the gauge fields are
transformed to link fields U = e

iA, to give an e↵ective action S̃[U ] and operator Õ[U ] depending
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Ensemble of lattice QCD gauge 
fields

643 x128 x 4 x Nc2 x 2 
≃109 numbers 

~1000 samples 

Ensemble of gauge fields has 
meaning 

Long-distance correlations are 
important 

Gauge and translation-
invariant with periodic 
boundaries
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Machine learning QCD
Ensemble of lattice QCD gauge 
fields

643 x128 x 4 x Nc2 x 2 
≃109 numbers 

~1000 samples 

Ensemble of gauge fields has 
meaning 

Long-distance correlations are 
important 

Gauge and translation-
invariant with periodic 
boundaries

CIFAR benchmark image set for 
machine learning

32 x 32 pixels x 3 cols 
≃3000 numbers 

60000 samples 

Each image has meaning 

Local structures are 
important 

Translation-invariance within 
frame
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Incorporating symmetries
Gauge field theories

• Field configurations represented by  
links             encoded as matrices 

• e.g., for Quantum Chromodynamics,  
SU(3) matrices (3x3 complex matrices        
with                         ,                       ) 

• Group-valued fields live not on real line 
but on compact manifolds 

• Action is invariant under group transformations 
on gauge fields

New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)
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ABSTRACT

Nuclear and particle physicists seek to understand the structure of matter at the
smallest scales through numerical simulations of lattice Quantum Chromodynam-
ics (LQCD) performed on the largest supercomputers available. Multi-scale tech-
niques have the potential to dramatically reduce the computational cost of such
simulations, if a challenging parameter regression problem matching physics at
different resolution scales can be solved. Simple neural networks applied to this
task fail because of the dramatic inverted data hierarchy that this problem dis-
plays, with orders of magnitude fewer samples typically available than degrees
of freedom per sample. Symmetry-aware networks that respect the complicated
invariances of the underlying physics, however, provide an efficient and practical
solution. Further efforts to incorporate invariances and constraints that are typical
of physics problems into neural networks and other machine learning algorithms
have potential to dramatically impact studies of systems in nuclear, particle, con-
densed matter, and statistical physics.

1 DATA

LQCD is a Markov Chain Monte-Carlo (MCMC) importance sampling method based on the gen-
eration of ensembles of configurations of the underlying physical degrees of freedom (quark and
gluon fields) Rothe (1992). Configurations are represented as sets of links Uµ(x) between sites on
four-dimensional hypercubic space-time lattices (x denotes the spacetime coordinates of the origin
site and µ the direction of the link). Each link can be encoded as an SU(3) matrix (a 3⇥ 3 complex
matrix M with M�1 = M† and det[M ] = 1, where M† = (M⇤)T is the Hermitian conjugate),
and a configuration is encoded by O(107) links, i.e., O(109) floating point or double precision
numbers for a typical state-of-the-art calculation. Since these configurations sample the probability
distribution corresponding to the LQCD action (a function defining the quark and gluon dynamics),
weighted ensemble averages determine physical observables of interest; calculations typically use
ensembles of O(103) configurations.

The parameter regression task studied here is the determination of the LQCD action parameters, �
and m, corresponding to a given ensemble of configurations. Because of the significantly inverted
data hierarchy of LQCD datasets, this is a challenging problem. However, the physics encoded by
an ensemble of configurations is invariant under a number of complex symmetries, namely discrete
space-time translations and rotations on the hypercubic space, as well as ‘gauge transformations’.
The latter are continuous Lie group transformations at each space-time point on the lattice, i.e.,
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of physics problems into neural networks and other machine learning algorithms
have potential to dramatically impact studies of systems in nuclear, particle, con-
densed matter, and statistical physics.

1 DATA

LQCD is a Markov Chain Monte-Carlo (MCMC) importance sampling method based on the gen-
eration of ensembles of configurations of the underlying physical degrees of freedom (quark and
gluon fields) Rothe (1992). Configurations are represented as sets of links Uµ(x) between sites on
four-dimensional hypercubic space-time lattices (x denotes the spacetime coordinates of the origin
site and µ the direction of the link). Each link can be encoded as an SU(3) matrix (a 3⇥ 3 complex
matrix M with M�1 = M† and det[M ] = 1, where M† = (M⇤)T is the Hermitian conjugate),
and a configuration is encoded by O(107) links, i.e., O(109) floating point or double precision
numbers for a typical state-of-the-art calculation. Since these configurations sample the probability
distribution corresponding to the LQCD action (a function defining the quark and gluon dynamics),
weighted ensemble averages determine physical observables of interest; calculations typically use
ensembles of O(103) configurations.

The parameter regression task studied here is the determination of the LQCD action parameters, �
and m, corresponding to a given ensemble of configurations. Because of the significantly inverted
data hierarchy of LQCD datasets, this is a challenging problem. However, the physics encoded by
an ensemble of configurations is invariant under a number of complex symmetries, namely discrete
space-time translations and rotations on the hypercubic space, as well as ‘gauge transformations’.
The latter are continuous Lie group transformations at each space-time point on the lattice, i.e.,
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Gauge field theories
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ABSTRACT

Nuclear and particle physicists seek to understand the structure of matter at the
smallest scales through numerical simulations of lattice Quantum Chromodynam-
ics (LQCD) performed on the largest supercomputers available. Multi-scale tech-
niques have the potential to dramatically reduce the computational cost of such
simulations, if a challenging parameter regression problem matching physics at
different resolution scales can be solved. Simple neural networks applied to this
task fail because of the dramatic inverted data hierarchy that this problem dis-
plays, with orders of magnitude fewer samples typically available than degrees
of freedom per sample. Symmetry-aware networks that respect the complicated
invariances of the underlying physics, however, provide an efficient and practical
solution. Further efforts to incorporate invariances and constraints that are typical
of physics problems into neural networks and other machine learning algorithms
have potential to dramatically impact studies of systems in nuclear, particle, con-
densed matter, and statistical physics.

1 DATA

LQCD is a Markov Chain Monte-Carlo (MCMC) importance sampling method based on the gen-
eration of ensembles of configurations of the underlying physical degrees of freedom (quark and
gluon fields) Rothe (1992). Configurations are represented as sets of links Uµ(x) between sites on
four-dimensional hypercubic space-time lattices (x denotes the spacetime coordinates of the origin
site and µ the direction of the link). Each link can be encoded as an SU(3) matrix (a 3⇥ 3 complex
matrix M with M�1 = M† and det[M ] = 1, where M† = (M⇤)T is the Hermitian conjugate),
and a configuration is encoded by O(107) links, i.e., O(109) floating point or double precision
numbers for a typical state-of-the-art calculation. Since these configurations sample the probability
distribution corresponding to the LQCD action (a function defining the quark and gluon dynamics),
weighted ensemble averages determine physical observables of interest; calculations typically use
ensembles of O(103) configurations.

The parameter regression task studied here is the determination of the LQCD action parameters, �
and m, corresponding to a given ensemble of configurations. Because of the significantly inverted
data hierarchy of LQCD datasets, this is a challenging problem. However, the physics encoded by
an ensemble of configurations is invariant under a number of complex symmetries, namely discrete
space-time translations and rotations on the hypercubic space, as well as ‘gauge transformations’.
The latter are continuous Lie group transformations at each space-time point on the lattice, i.e.,
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Sébastien Racanière,3 Danilo Jimenez Rezende,3 and Phiala E. Shanahan1

1
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
2
Center for Cosmology and Particle Physics, New York University, New York, NY 10003, USA

3
DeepMind, London, UK

(Dated: March 16, 2020)

We define a class of machine-learned flow-based sampling algorithms for lattice gauge theories
that are gauge-invariant by construction. We demonstrate the application of this framework to
U(1) gauge theory in two spacetime dimensions, and find that near critical points in parameter
space the approach is orders of magnitude more e�cient at sampling topological quantities than
more traditional sampling procedures such as Hybrid Monte Carlo and Heat Bath.

Many important physical theories are described by La-
grangians that are invariant under local symmetry trans-
formations that form Lie groups; such theories are named
gauge theories. For example, the Standard Model of
particle physics, which is our most accurate descrip-
tion of Nature at the shortest length-scales, is a quan-
tum field theory centered around the action of three
gauge groups [1–4], and several important condensed
matter systems can be described by e↵ective gauge theo-
ries [5–8]. In the strong-coupling limit, these theories are
non-perturbative, and numerical formulations on discrete
spacetime lattices o↵er the only known way to compute
properties of interest from first principles.

Calculations within lattice frameworks typically pro-
ceed by estimating expectation values of observables
using Markov Chain Monte Carlo (MCMC) to sam-
ple from thermodynamic distributions or Euclidean-time
path integrals. In both cases, samples U (typically high-
dimensional) are drawn from an exponentially weighted
distribution p(U) = e�S(U)/Z, where the physics is en-
coded in an energy or action functional S(U), and the
normalizing constant Z is unknown. When MCMC sam-
pling from the distribution p(U) is e�cient, precise phys-
ical predictions can be made from the theory. However,
as the model parameters are tuned towards criticality,
e.g. to describe universal properties of condensed mat-
ter theories or to access the continuum limit of quantum
field theories, critical slowing down (CSD) can cause the
computational cost of sampling to diverge [9].

Specialized approaches have been developed to avoid
CSD for specific theories [10–19]. For several theories of
interest, however, CSD obstructs calculations. This is
true in particular for the lattice formulation of quantum
chromodynamics (QCD) [20–22], which enables calcula-
tions of non-perturbative phenomena arising from the
Standard Model of particle physics. Recently, there has
been progress in the development of flow-based gener-
ative models which can be trained to directly produce
samples from a given probability distribution; early suc-
cess has been demonstrated in theories of bosonic matter,
spin systems, molecular systems, and for Brownian mo-
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FIG. 1. Standard approaches (HMC and HB) to MCMC sam-
pling for U(1) gauge theory explore the distribution of topo-
logical charge Q very slowly compared with the flow-based
approach introduced here. Results are shown for coupling
� = 7 on a 16⇥ 16 lattice, see Eq. (6). The first (second) half
of the Markov chain history is displayed for HMC (HB).

tion [23–33]. This progress builds on the great success of
flow-based approaches for image, text, and structured ob-
ject generation [34–41], as well as non-flow-based machine
learning techniques applied to sampling for physics [42–
46]. If flow-based algorithms can be designed and imple-
mented at the scale of state-of-the-art calculations, they
would enable e�cient sampling in lattice theories that
are currently hindered by CSD.

In this Letter, we develop a provably correct flow-based
sampling algorithm designed for lattice gauge theories,
including lattice QCD. We demonstrate the application
of this approach to U(1) gauge theory in two spacetime
dimensions. This theory is solvable, and thus provides a
testing ground where the accuracy of numerical methods
can be checked. Two standard MCMC approaches, Hy-
brid Monte Carlo (HMC) [47] and Heat Bath (HB) [48–
50], su↵er from critical slowing down in this theory; for
example, Fig. 1 depicts Markov chain histories for sam-
pling near the continuum limit, in which both methods
explore topological sectors very slowly. Using our flow-
based algorithm, independent samples of field configu-
rations are produced with appropriate frequency from
each topological sector, enabling far more accurate esti-
mation of topological quantities at a given computational
cost. Critical to the success of this approach is enforc-
ing exact gauge symmetry in the flow-based distribution:
when the symmetry is enforced, we can successfully train
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡]. }Conventional 
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FIG. 3. Left: estimates of average Wilson loops hW`⇥`i mea-
sured on the finest ensemble studied here (� = 7). Right:
estimates of topological susceptibility measured on the three
finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after
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FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the

Cost per independent sample
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FIG. 3. Left: estimates of average Wilson loops hW`⇥`i mea-
sured on the finest ensemble studied here (� = 7). Right:
estimates of topological susceptibility measured on the three
finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after
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FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the
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Normalizing Flows on Tori and Spheres

coordinates, and x 2 R3 is a point on the embedded sphere
in Euclidean coordinates.

On SU(2) ⌘ S3, the target was a mixture of the same
form where µ1 = (1.7,�1.5, 2.3), µ2 = (�3.0, 1.0, 3.0),
µ3 = (0.6,�2.6, 4.5), µ4 = (�2.5, 3.0, 5.0), and x 2 R4

is a point on the embedded sphere in Euclidean coordinates.

G. Misaligned Density on S2

The recursive formulas shown in Equations (11) to (13)
require choosing a sequence of axes in order to construct the
cylindrical coordinate system. This may introduce artifacts
to the density related to this choice of axes. To test if this
results in numerical problems, we compare the flow from
Equations (11) to (13) on a target density that forms a non-
axis-aligned ring against a composition of the same flow
with a learned rotation.

The results of this experiment are shown in Figure 9. We
compared both large (Ks = 32, Km = 12) and small
(Ks = 3, Km = 3) versions of the auto-regressive Möbius-
Spline flow and observed no significant differences between
the two models on S2.

More experiments would be necessary to investigate this
potential effect in higher dimensions.

H. Application: Multi-Link Robot Arm
As a concrete application of flows on tori, we consider
the problem of approximating the posterior density over
joint angles ✓1,...,6 of a 6-link 2D robot arm, given (soft)
constraints on the position of the tip of the arm. The possible
configurations of this arm are points in T6. The position rk
of a joint k = 1, . . . , 6 of the robot arm is given by

rk = rk�1 +

0

@lk cos

0

@
X

jk

✓j

1

A, lk sin

0

@
X

jk

✓j

1

A

1

A,

where r0 = (0, 0) is the position where the arm is affixed,
lk = 0.2 is the length of the k-th link, and ✓k is the angle of
the k-th link in a local reference frame. The constraint on the
position of the tip of the arm, r6, is expressed in the form
of a Gaussian-mixture likelihood p(r6 | ✓1,...,6) with two
components. The prior p(✓1,...,6) is taken to be a uniform
distribution on T6. The experimental results are illustrated
in Figure 10.

I. Application: Learning from samples
In most of the experiments shown on this paper, we trained
the models to fit a target density known up to a normalization
constant (i.e. an inference problem). In this experiment we
train our flow directly on data samples instead.

Training a flow-based model from data samples via max-
imum likelihood requires an explicit computation of the
inverse map as shown in Equation (2). To demonstrate this
is feasible with data coming from a non-trivial target density
on the sphere S2 (i.e. that would require a large number
of mixture components from simpler densities such as von
Mises), we created a dataset of samples on the sphere com-
ing from a density shaped as Earth’s continental map as
shown in Figure 11 (left).

We trained a flow built from stacking two autoregressive
flows. Each flow in the stack used circular splines and
standard splines on the interval. The model was trained to
maximize the likelihood of the dataset for 100,000 training
steps. Both splines used Ks = 80 segments. The neural
networks producing the spline parameters are the same as
for the other experiments. In Figure 11 (middle) we show
samples from the learned model overlaid on Earth’s map
and in Figure 11 (right) we show a heat map of the learned
density.
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