
Calculations of the nuclear matrix elements
for double-β decay: an overview of the

present status

Luigi Coraggio
Dipartimento di Matematica e Fisica - Università della Campania “Luigi Vanvitelli”
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The neutrinoless double β-decay

The detection of the 0νββ decay is nowadays one of the main targets
in many laboratories all around the world, since its detection would
correspond to a violation of the conservation of the leptonic number,
and may provide more informations on the nature of the neutrinos and
its effective mass

The inverse of the 0νββ-decay half-life is
proportional to the squared nuclear matrix
element M0ν , which relates the parent and
grand-daughter wave functions via the decay
operator.[

T 0ν
1/2

]−1
= G0ν

∣∣∣M0ν
∣∣∣2 ∣∣∣∣g2

A
〈mν〉
me

∣∣∣∣2

The calculation of M0ν links
[
T 0ν

1/2

]−1
to the

neutrino effective mass 〈mν〉 =|
∑

k mk U2
ek |

(light-neutrino exchange)
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The calculation of M0ν

The matrix elements M0ν
α are defined as follows:

M0ν
α =

∑

k

∑

jp jp′ jn jn′

〈f |a†pan|k〉〈k |a†p′an′ |i〉
〈

jp jp′ | τ−1 τ−2 Θk
α | jnjn′

〉

with α = (GT , F , T )

ΘGT
12 = ~σ1 · ~σ2HGT (r)

ΘF
12 = HF (r)

ΘT
12 = [3 (~σ1 · r̂) (~σ1 · r̂)

− ~σ1 · ~σ2] HT (r)

Hα depends on the energy of the initial,
final, and intermediate states:

Hα(r) =
2R
π

∫ ∞

0

jα(qr)hα(q2)qdq
q + Ek − (Ei + Ef )/2

Actually, because of the computational complexity, the energies of the
intermediate states are replaced by an average value:

Ek − (Ei + Ef )/2→ 〈E〉∑

k

〈f |a†pan|k〉〈k |a†p′an′ |i〉 = 〈f |a†pana†p′an′ |i〉
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The closure approximation
Consequently, the expression of the neutrino potentials becomes:

Hα(r) =
2R
π

∫ ∞

0

jα(qr)hα(q2)qdq
q+ < E >

The matrix elements M0ν
α are then defined, within the closure approxi-

mation, as follows:

M0ν
α =

∑

jn jn′ jp jp′

〈f |a†pana†p′an′ |i〉
〈
jp jp′ | τ−1 τ−2 Θα | jnjn′

〉

The matrix elements 〈f |a†pana†p′an′ |i〉 are the two-body transition-density
matrix elements, and the Gamow-Teller (GT ), Fermi (F ), and tensor
(T ) operators:

The closure approximation works since q ≈ 100-200 MeV,
while model-space excitation energies Eexc ≈ 10 MeV

Sen’kov and Horoi (Phys. Rev. C 88, 064312 (2013)) have
evaluated the non-closure vs closure approximation within 10%
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0νββ decay: short-range correlations
Nuclear structure calculations provide non-correlated wave functions
Φ, namely Slater determinants of unperturbed basis states, which do
not vanish in the short-range region of the nuclear potential

(r)

r

V(r)
NN

Ψ(r)

Φ

The short-range repulsion of V NN makes the “real” correlated wave
function Ψ to approach to zero as the internucleon distance diminishes
Short-range correlations (SRC) are then introduced to soften the 0νββ
decay operator, consistently with the renormalization of V NN

Calculation of the defect wave functions (G-matrix
renormalization)

Jastrow-type functions (the most popular ones)

Unitary Correlation Operator Method (UCOM)

Vlow−k unitary transformation
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0νββ decay: LO contact transition operator
Within the framework of ChEFT, there is the need to introduce a LO
short-range operator, which is missing in standard calculations of M0νs,
to renormalize the operator and make it independent of the ultraviolet
regulator
V. Cirigliano et al., Phys. Rev. Lett. 120 202001 (2020)

M0ν
sr =

1.2A1/3 fm
g2

A
〈0+

f |
∑

n,m

τ−m τ
−
n 1

[
4gNN

ν

π

∫
j0(qr) fS(p/ΛS) q2dq

]
|0+

i 〉

The open question is the determination of the low-energy constant gNN
ν

A recent attempt to fit gNN
ν by computing

the transition amplitude of the
nn→ ppe−e− process using nuclear NN
and NNN interactions has shown that
M0ν

sr enlarges the M0ν for 48Ca
0νββ decay
R. Wirth et al., Phys. Rev. Lett. 127 242502 (2021)
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Theoretical nuclear structure calculations

The study of the many-body Schrödinger equation, for system with
A > 4, needs the introduction of truncations and approximations, and
follows two main approaches:

Mean-field and collective models

� Energy Density Functional (EDF)

� Quasiparticle Random-Phase
Approximation (QRPA)

� Interacting Boson Model IBM

Microscopic approaches

ab initio methods
� No-Core Shell Model (NCSM)
� Coupled-Cluster Method (CCM)
� In-Medium Similarity

Renormalization Group (IMSRG)
� Self-Consistent Green’s Function

approach (SCGF)

Nuclear Shell Model

Luigi Coraggio DBD2022



The many-body problem

Mean-field and collective
models operate a drastic cut
of the nuclear degrees of
freedom, the computational
problem is alleviated

Their effective Hamiltonian
Heff cannot be derived from
realistic nuclear forces and
depend from parameters
fitted to reproduce a selection
of observables

This reduces the predictive
power, that is crucial to
search “new physics”

The degrees of freedom of ab
initio methods and SM
Hamiltonians are the
microscopic ones of the
single nucleons (very
demanding calculations)

Consequently, they may
operate starting from realistic
nuclear forces

These features enhance the
predictiveness and the
calculated wave functions are
more reliable
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The QRPA

The quasiparticle random-phase approximation is based on the
concept of “pairing” among the nucleons.
Particles are substituted with “quasiparticles”.Calcoli di struttura nucleare - Quasiparticle
Random-Phase Approximation (QRPA)

I Le particelle vengono sostituite
con quasiparticelle

I Vantaggio ! la dimensione
della base non scala
rapidamente con il numero di
massa A come nel modello
ISM,

I Svantaggio ! parametro libero
gpp.

13 of 16

Umberto Natale - La problematica dell’NME nel decadimento 0⌫��

Advantage→ The dimension of
the hamiltonian does not scale
rapidly with the mass number A
as with the shell model.
Shortcoming→ Results are
strongly dependent on the
choice of the free
renormalization-parameter gpp
(gph is determined from
experiment), that is fixed to
reproduce both spectroscopy
and GT transitions
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The IBM

In the interacting boson model identical nucleons are paired so
to generate bosons:

L = 0→s-boson

L = 2→d-boson

Advantage→ The
computational complexity is
drastically simplified
Shortcoming→ The
configuration space is strongly
reduced
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The nuclear shell model

The nucleons are subject to the action of a mean field, that takes
into account most of the interaction of the nucleus constituents.
Only valence nucleons interact by way of a residual two-body
potential, within a reduced model space.

16O

p3/2
p1/2

s1/2

19F

protons neutrons

s1/2

d5/2
d3/2

s1/2

p3/2
p1/2

s1/2
d5/2
d3/2

model space

Advantage→ It is a
microscopic and flexible
model, the degrees of
freedom of the valence
nucleons are explicitly taken
into account.
Shortcoming→ High-degree
computational complexity.
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Ab initio methods: β-decay in medium-mass nuclei
Coupled-cluster method CCM
and in-medium SRG (IMRSG)
calculations have recently
performed to overcome the
quenching problem gA to
reproduce β-decay observables
in heavier systems
P. Gysbers et al., Nat. Phys. 15 428
(2019)
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Coupled-Cluster Method

Advantage→ The degrees of
freedom of all constituent
nucleons are included, the
number of correlations among
nucleons is enormous
Shortcoming→ Highest-degree
of computational complexity, the
comparison with spectroscopic
data is not yet satisfactory
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Nuclear structure calculations
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The spread of nuclear structure calculations evidences
inconsistencies among results obtained with different
models

Figure courtesy from Javier Menéndez
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The quenching of gA

A major issue in the calculation of quantities related to GT transitions,
is the need to quench the axial coupling constant gA by a factor q in
order to reproduce data.

G. Martı́nez Pinedo et al., Phys. Rev. C 53,
R2602 (1996)

J. Barea, J. Kotila, and F. Iachello, Phys.
Rev. C 91, 034304 (2015)

The introduction of quenching factor may largely affect the value of the
half-life T 0ν

1/2, since the latter would be enlarged by a factor q−4.

That is why experimentalists are deeply concerned about q, its value
has a strong impact on the sensitivity of the experimental apparatus.
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The quenching of gA

The two main sources of the need of a quenching factor q may
be identified as:

Nucleon internal degrees of
freedom
Nucleons are not point-like
particles⇒ contributions to the
free value of gA come from
two-body meson exchange
currents:

4 of 16

⇥

(a)

⇥

(b)

⇥ p

(c)

Figure 1. Diagrams for (a) leading-order Gamow-Teller decay st, (b) short-range two-body current, and
(3) long-range two-body current.

The result in the limit that the momentum carried by the leptons vanishes, up to order
Q0 (leading order is Q�3) is [44,48,49]

~J = ~J1b +~J2b;cont +~J2b;1p (8)

where
~J±1b = gA~st± (9)

~J±2b;cont =
1
2

cD

Lc f 2
p

(~s1t±
1 +~s2t±

2 ) (10)

~J2b;1p = � gA

f 2
p

~s2 ·~q2

k2
2 + M2

p


i~p1

2m
t±
⇥ + 2c3t±

2
~k2 + (c4 +

1
4m

)t±
⇥ (~s1 ⇥~k2)

�
+ (1 $ 2) (11)

where ~pi,~p0 i are the incoming and outgoing momenta of the ith nucleon,~ki = ~p0 i � ~pi, t⇥ =
t1 ⇥ t2, and fp is the pion decay constant. The low-energy constants c3, c4 and cD also enter
into the NN and 3N forces, and so are not additional free parameters. Equations (9), (10), and
(11) correspond to diagrams (a), (b), and (c) in Figure 1, respectively. Note that there are also
corrections to the one-body operator of order p2

i /m2
N . Depending on how the nucleon mass is

counted, these corrections will enter at different orders. In the counting of e.g. Park et al [44],
these corrections are also Q0, while in the counting used by other authors [47,49,50], including
the calculations in this paper, these corrections are Q1.

In Refs. [48] and [49], these currents were normal ordered with respect to uniform nuclear
matter to obtain an in-medium quenching factor for the one-body operator. In Ref. [51], the full
two-body current was constructed, consistently2 with the NN+3N force, and Gamow-Teller
decays of 14C, 22O and 24O were computed using the coupled cluster method 3. In all three
of these cases, a quenching of about the right size was obtained. In Ref [55], axial currents
up to N4LO were used in quantum Monte Carlo calculations of A=6-10 nuclei, where it was
found that correlations beyond the shell model accounted for most of the quenching, with
subleading currents playing a minor role. In Ref. [50], the full two-body current up to N3LO
was constructed consistently with the NN+3N force, consistently SRG evolved, and evaluated
in a range of nuclei in the p, sd, and p f shells, as well as 100Sn, using no-core shell model,
coupled cluster, or VS-IMSRG to solve the many-body problem. Here, I will provide some
additional calculations not presented in [50], and some further discussion.

The experimental Gamow-Teller matrix elements are obtained from the f t values by

f t =
Kh

fV
fA

B(F) + B(GT)
i

G2
V

(12)

2 In [51], the relationship between the two-body currents and three-body force contained an erroneous factor of �1/4 [52].
3 I also note that while the decay of 14C is interesting due to the anomolously long half-life [53,54], the small matrix element makes it difficult to draw

conclusions regarding systematic quenching effects.

Truncation of the nuclear
configurations
Nuclear models operate a cut
of the nuclear degrees of
freedom in order to diagonalize
the nuclear Hamiltonian
⇒ effective Hamiltonians and
decay operators must be
considered to account for the
neglected configurations in the
nuclear wave function
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Two-body meson exchange currents

A powerful approach to the derivation of two-body currents (2BC) is to resort to effective
field theories (EFT) of quantum chromodynamics.
In such a way, both nuclear potentials and 2BC may be consistently constructed, since in
the EFT approach they appear as subleading corrections to the one-body Gamow-Teller
(GT) operator στ+.

Nuclear Hamiltonian Two-body currents

The impact of 2BC on the calculated
β-decay properties has been
investigated in terms of ab initio
methods
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β-decay in light nuclei

GT nuclear matrix elements of the β-decay of p-shell nuclei have
been calculated with Green’s function Monte Carlo (GFMC) and
no-core shell model (NCSM) methods, including contributions
from 2BC
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S. Pastore et al., Phys. Rev. C 97 022501(R) (2018)
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P. Gysbers et al., Nat. Phys. 15 428 (2019)

The contribution of 2BC improves
systematically the agreement
between theory and experiment
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Effective operators for nuclear models

The truncation of the Hilbert space of nuclear configuration implies
the need of effective Hamiltonians and decay operators Heff,Θeff
Heff,Θeff must take into account all the degrees of freedom not
explicitly considered in the truncated model space

Two alternative approaches

phenomenological: the parameters defining
Heff,Θeff are fitted to data (SP energies, TBME,
quenching factors, effective charges, etc.)
microscopic:

VNN (+VNNN)⇒ many-body theory⇒ Heff,Θeff

Definition
The eigenvalues and Θeff matrix elements of model-space
wave functions should be equal to those of the original H,Θ
of the full Hilbert-space wave functions, respectively.
This may be provided by a similarity transformation Ω of the
full Hilbert-space hamiltonian H onto the effective one Heff
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The effective operators for decay amplitudes

Ψα eigenstates of the full Hamiltonian H with eigenvalues Eα

Φα eigenvectors obtained diagonalizing Heff in the model space
P and corresponding to the same eigenvalues Eα

⇒ |Φα〉 = P |Ψα〉

Obviously, for any decay-operator Θ:
〈Φα|Θ|Φβ〉 6= 〈Ψα|Θ|Ψβ〉

We then require an effective operator Θeff defined as follows
Θeff =

∑

αβ

|Φα〉 〈Ψα|Θ|Ψβ〉 〈Φβ |

Consequently, the matrix elements of Θeff are
〈Φα|Θeff|Φβ〉 = 〈Ψα|Θ|Ψβ〉

This means that the parameters characterizing Θeff are renormalized
with respect to Θ⇒ geff

A = q · gA 6= gA
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Realistic shell-model

The nuclear shell model is a microscopic one, then it is
possible to construct, within the many-body theory, effective
Hamiltonians and decay operators starting from realistic
nuclear potentials

Realistic shell model (RSM)

1 Choose a realistic NN potential (NNN)

2 Renormalize its short range correlations

3 Identify the model space better tailored to study the physics
problem

4 Derive the effective shell-model Hamiltonian and consistently
effective shell-model operators for decay amplitudes, by way of
the many-body perturbation theory

5 Calculate the observables (energies, e.m. transition
probabilities, β-decay amplitudes...), using only theoretical SP
energies, two-body matrix elements, and effective SM operators.
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The effective shell-model Hamiltonian
We start from the many-body Hamiltonian H defined in the full Hilbert
space:

H = H0 + H1 =
A∑

i=1

(Ti + Ui ) +
∑

i<j

(V NN
ij − Ui )




PHP PHQ

QHP QHQ




H = Ω−1HΩ

⇒
QHP = 0




PHP PHQ

0 QHQ




Heff = PHP

Suzuki & Lee⇒ Ω = eω with ω =

(
0 0

QωP 0

)

Heff
1 (ω) = PH1P + PH1Q

1
ε−QHQ

QH1P−

−PH1Q
1

ε−QHQ
ωHeff

1 (ω)
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The perturbative approach to the shell-model Heff

The Q̂-box vertex function

Q̂(ε) = PH1P + PH1Q
1

ε−QHQ
QH1P

Exact calculation of the Q̂-box is computationally prohibitive for many-
body system⇒ we perform a perturbative expansion

1
ε−QHQ

=
∞∑

n=0

(QH1Q)n

(ε−QH0Q)n+1

Q̂-box: 1st- & 2nd-order 1-b diagrams

j j j

jj j

h
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Q̂-box: 1st- & 2nd-order 2-b diagrams
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The effective SM operators for decay amplitudes
Diagrams up 2nd order of the perturbative expansion of the effective
decay operator Θeff:

One-body operator

*

*
*

*
a

b

a

b

a

b

a

b

h
pp

h

b

=X

a

Two-body operator
a

=X

a b

c d

h

p

b a b a a a ab b bb

c c c c c cdd d d d d

h

p

h
p p

21
1

h2

I. S. Towner, Phys. Rep. 155, 263 (1987)

H. Q. Song, H. F. Wu, T. T. S. Kuo, Phys. Rev. C 40, 2260 (1989)

J. D. Holt and J. Engel, Phys. Rev. C 87, 064315 (2013).

LC, L. De Angelis, T. Fukui, A. Gargano, and N. Itaco, Phys. Rev. C 95,

LC, L. De Angelis, T. Fukui, A. Gargano, N. Itaco, and F. Nowacki,
Phys. Rev. C 100, 014316 (2019).
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Our recipe for realistic shell model

Input VNN : Vlow−k derived from the high-precision NN CD-Bonn
potential with a cutoff: Λ = 2.6 fm−1.

Heff obtained calculating the Q̂ box up to the 3rd order in
perturbation theory.

Effective operators are consistently derived by way of the the
MBPT

Short-range correlations of the nuclear wave functions for the
calculation of the nuclear matrix elements for 0νββ decay are
obtained from the Vlow-k renormalization procedure
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The choice of the NN potential

P. Gysbers et al., arXiv:1903.00047 (2019)

A Vlow-k potential from the CD-Bonn NN with a “hard cutoff” Λ = 2.6
fm−1 has been chosen to reduce the impact of GT two-body currents
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Nuclear models and predictive power

RSM calculations, starting from the CD-Bonn potential for
spectroscopic, spin-, and spin-isospin dependent observables of

48Ca, 76Ge, 82Se, 100Mo, 130Te, and 136Xe
⇓

Check RSM approach calculating GT strengths and 2νββ-decay
[
T 2ν

1/2

]−1
= G2ν

∣∣M2ν
GT

∣∣2

where

MGT
2ν =

∑

n

〈0+
f ||~στ−||1+

n 〉〈1+
n ||~στ−||0+

i 〉
En + E0

Luigi Coraggio DBD2022



Spectroscopic properties
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Spectroscopic properties
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GT− running sums
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136Xe GT strength

B(p, n) =

∣∣∣〈Φf ||
∑

j ~σjτ
−
j ||Φi 〉

∣∣∣2
2Ji + 1

, (1)
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2νββ nuclear matrix elements
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Red symbols: bare GT operator

Decay Expt. Bare

48Ca1 →48Ti1 0.038± 0.003 0.030
76Ge1 →76Se1 0.113± 0.006 0.304
82Se1 →82Kr1 0.083± 0.004 0.347

130Te1 →130Xe1 0.031± 0.004 0.131
136Xe1 →136Ba1 0.0181± 0.0007 0.0910
100Mo1 →100Ru1 0.224± 0.002 0.896
100Mo1 →100Ru2 0.182± 0.006 0.479

Experimental data from Thies et al, Phys. Rev. C 86,
044309 (2012); A. S. Barabash, Universe 6, (2020)
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2νββ nuclear matrix elements
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LC, L. De Angelis, T. Fukui, A.
Gargano, and N. Itaco, Phys. Rev. C
95, 064324 (2017).

LC, L. De Angelis, T. Fukui, A.
Gargano, N. Itaco, and F. Nowacki,
Phys. Rev. C 100, 014316 (2019).

Red symbols: bare GT operator
Black symbols: effective GT

operator

Decay Expt. Eff.

48Ca1 →48Ti1 0.038± 0.003 0.026
76Ge1 →76Se1 0.113± 0.006 0.104
82Se1 →82Kr1 0.083± 0.004 0.109

130Te1 →130Xe1 0.031± 0.004 0.061
136Xe1 →136Ba1 0.0181± 0.0007 0.0341
100Mo1 →100Ru1 0.224± 0.002 0.205
100Mo1 →100Ru2 0.182± 0.006 0.109

Experimental data from Thies et al, Phys. Rev. C 86,
044309 (2012); A. S. Barabash, Universe 6, (2020)

Decay q
48Ca→ 48Ti 0.83
76Ge→ 76Se 0.58
82Se→ 82Kr 0.56

100Mo→ 100Ru 0.48
130Te→ 130Xe 0.68
136Xe→ 136Ba 0.61
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RSM calculations of M0ν

Earliest RSM calculation of M0ν performed by Kuo and
coworkers for 48Ca decay (Phys. Lett. B 162 227 (1985) )

SM effective TBMEs and decay operator from Paris
and Reid potential

Brueckner G-matrix and 2nd-order MBPT

SRC derived through the calculation of the defect
function

Volume 162B, number 4,5,6 PHYSICS LETFERS 14 November 1985 

A = 1/[48(M 2 - M I ) 4 ] ,  

B = M2  M~v - 3 M4  M 4 + 3M6AM2 - MS A, 

- 7 ~ AM ¢ - 3M~,), 5 MA M v + 

z)-- 5M4M 4 + 15 C- 11 ), (12) 
We e mpha s ize  tha t, a  priori, we  do  no t know the  func- 
tiona l form ofFA(q2  ) fo r the  (NNv) ve rte x, whe re  v is  
a  Ma jora na  ne utrino . We s imply follow the  conve ntion- 
a l wis dom ba s e d on Al-ve c to r me s on domina nce  (mon- 
opole  form fa c tor) or on  ye N s ca tte ring da ta  (dipole  
form fa ctor). 

To  discuss  the  S RC e ffe cts , we  now turn  to  the  ca l- 
cula tion o f X#¢. In the  s ta nda rd nucle a r s he ll-mode l 
ca lcula tion, one  ca lcula te s  X## with  mode l-s pa ce  nu- 
cle a r wa ve  functions  P~bi, f which a re  me re ly proje c- 
tions  o f the  true  nucle a r wa ve  functions  ~ki, f on to  the  
(pre -chos e n) s he ll-mode l s pa ce  P . In ge ne ra l, 
(P ~ f [Ht~ ~ IP~b i) 4= (~kf IH~  I ~i )' To  re s tore  the  e qua lity 
one  mus t us e  a  s uita bly re norma lize d e ffe ctive  ha mil- 
tonia n H ~  f s o tha t 

S a a  = (~kflHaa l ~i ) = (P ~bflH~flP ~i). (13) 

The re  e xis t ma ny-body me thods  for de riving s uch e f- 
fe ctive  ha miltonia n in ge ne ra l, bu t we  follow he re  the  
dia gra mma tic e xpa ns ion me thod  o f Kre nciglowa  a nd Kuo 
[7]. (In  fig. 1, s ome  re pre s e nta tive  lowe r-orde r dia gra ms  

for de riving H ~  f a re  give n.) F o r the  0 + ground s ta te  o f 
48Ca, we  ha ve  chos e n IP ffi) = IC); whe re  [C) is  the  p - h  
va cuum re pre s e nting the  clos e d 48Ca (0+; g.s .) core , 
while  fo r 48Ti(0+; g.s .), we  ha ve  chos e n a  la rge r she ll- 
mode l s pa ce  (tha n  pre vious  ca lcula tions ), na me ly, a  
2 p -2 h  mode l s pa ce  with  2p in the  p ro ton  0 f- lp  she ll 
a nd 2h re s tric te d to  the  0fT/2 ne u tron  s he ll; 

IP ~f) ~ A a b J  cdJ + + J = [[% % ] [adac]J]OIC>, (14) 
a b J  

whe re  the  s ubs cripts  a  a nd b de note  p ro tons  in the  
0 f- lp  she ll while  c a nd d a re  re s tricte d to  f7/2 ne u- 
trons . (Note  tha t we  a re  us ing a  p ro to n -n e u tro n  for- 
mula tion  withou t coupling the  nucle a r s ta te  to  a  de fi- 
nite  to ta l is os pin.) We the n us e  s ta nda rd Mos hins ky 
tra ns forma tions  a nd a ngula r mome ntum re couplings  
to  obta in 

Xoo = ~ ~ 1 A  . r n 'IS iNLI~ntS /NLI ab] abJ, cdJ ~aO " cd 
tin 'IS  
]NL 

X (¢n,llH~f#flq~nl> , (15) 

whe re  

{¢n,llH~f3flenl ) 

= {[1  + (O /e ) a ] O,,'t IHa  I [ 1 + (O /e )  C ] ¢ , , t} 

= &Pn'l -- Xn'llHflal ~)nl - Xnl) (16) 

o b Pl nl P2 n2 ~,~ I ~ e2 ~.~],/~ ~ e2 e I e e2 e I 
C' ' d  

Ci) (a )  (/3) 

Pl n[ P2 n2 
e ' ~  e2 e ~ ~  e2 

Cii) ( r)  (8) 

e ft Fig. 1. Diagrams ofH~3 ; virtua l Majorana neutrinos  a re  rep- 
resented by dotted lines , nucleon G-matrix inte raction by 
wavy lines , and nucleons  outs ide  the  model space  P  by ra iled 
lines. 

a nd X =- - (Q/e ) G¢ is  the  de fe c t wa ve  function , G is  
the  G-ma trix s a tis fying 

G = V + v (O /e )G ,  (17) 

whe re  V is  the  NN pote ntia l, a nd 0 is  the  average  P a uli 
e xclus ion ope ra tor: 

0 = 1 --if,  (18) 

whe re  the  ma trix e le me nt o fff in the  mixe d re pre s e nta - 
tion Ik lS /, N LJ T )  is  given by 

P (k k ' ,  IS ]N LJ T )  

= ~ (k lS /,N LJ T Io ~ J )(o ~ 3 1 k 'IS /,N LJ T ),  (19) 
at~ 

with  1o~) = Ina l=]a , n# la /~, J T )  a nd the  s um be ing 
ove r a  two-nucle on mode l s pa ce  P2 s pe cifie d by (n 1, 
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M0ν for 76Ge, 82Se, and 48Ca decay by
Holt and Engel (Phys. Rev. C 87 064315
(2013), Phys. Rev. C 88 045502 (2014))

Wave functions calculated with
GCN28.50, JUN45, and GXPF1A
Hamiltonians

SM decay operator from N3LO (EM)
potential, Vlow−k renormalization,
and 3rd-order MBPT

Jastrow-type short-range correlations

M0ν for 48Ca, 76Ge, 82Se, 100Mo, 130Te,
and 136Xe decay by our collaboration
(Phys. Rev. C 101 044315 (2020); Phys.
Rev. C 105 034312 (2022))

Heff and effective decay operators
from CD-Bonn potential, Vlow−k
renormalization, and 3rd-order MBPT

Vlow−k-transformation SRC

Three-body correlations
contributions included to account for
the Pauli-blocking effect
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RSM calculations of M0ν: results

Decay bare operator Θeff
48Ca→ 48Ti 0.53 0.30 −40%

76Ge→ 76Se 3.35 2.66 −20%
82Se→ 82Kr 3.30 2.72 −20%

100Mo→ 100Ru 3.96 2.24 −40%
130Te→ 130Xe 3.27 3.16 −3%
136Xe→ 136Ba 2.47 2.39 −3%

Results obtained with the effective shell-model operator are
relatively reduced with respect those with bare operator:
quenching effect is much smaller than the two-neutrino double-β
decay

Decay q bare operator quenched operator
48Ca→ 48Ti 0.83 0.53 0.40 −20%

76Ge→ 76Se 0.58 3.35 1.41 −60%
82Se→ 82Kr 0.56 3.30 1.32 −60%

100Mo→ 100Ru 0.48 3.96 1.33 −70%
130Te→ 130Xe 0.68 3.27 1.78 −50%
136Xe→ 136Ba 0.61 2.47 1.15 −50%
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The calculation of M0ν: results
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To rule out the Inverted Hierarchy of neutrino mass spectra, the upper
bound of neutrino effective mass should be 〈mββ〉 < 1.84± 1.3 meV.
We could then evaluate the lower bound of the half lives of the decay
processes, accordingly to our calculated M0ν

76Ge→76 Se 82Se→82 Kr 100Mo→100 Ru 130Te→130 Xe 136Xe→136 Ba
T 0ν

1/2 (in yr) > 2× 1028 > 4× 1027 > 4× 1027 > 2× 1027 > 4× 1028
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48Ca 2νββ-decay with chiral 2- and 3-body potentials
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Conclusions and Outlook

Microscopic approaches to the nuclear many-body problem
may get rid of the so-called “quenching puzzle” in the study
of β decay, with and without the emission of neutrinos
This goal may be achieved by focusing theoretical efforts
on two main issues:

a) improving our knowledge of nuclear forces;
b) estimation of the theoretical error from the application of

many-body methods.

Benchmark calculations with different approaches to the
calculation of 0νββ nuclear matrix elements should lead to
narrowing the spread among the theoretical results
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Backup slides
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The effective SM operators for decay amplitudes
Any shell-model effective operator may be derived consistently with
the Q̂-box-plus-folded-diagram approach to Heff

It has been demonstrated that, for any bare operator Θ, a non-Hermitian
effective operator Θeff can be written in the following form:

Θeff = (P + Q̂1 + Q̂1Q̂1 + Q̂2Q̂ + Q̂Q̂2 + · · · )(χ0 +

+χ1 + χ2 + · · · ) ,

where

Q̂m =
1

m!

dmQ̂(ε)

dεm

∣∣∣∣
ε=ε0

,

ε0 being the model-space eigenvalue of the unperturbed Hamiltonian
H0

K. Suzuki and R. Okamoto, Prog. Theor. Phys. 93 , 905 (1995)
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The effective SM operators for decay amplitudes

The χn operators are defined as follows:

χ0 = (Θ̂0 + h.c.) + Θ00 ,

χ1 = (Θ̂1Q̂ + h.c.) + (Θ̂01Q̂ + h.c.) ,

χ2 = (Θ̂1Q̂1Q̂ + h.c.) + (Θ̂2Q̂Q̂ + h.c.) +

(Θ̂02Q̂Q̂ + h.c.) + Q̂Θ̂11Q̂ ,

· · ·
and

Θ̂(ε) = PΘP+PΘQ
1

ε−QHQ
QH1P

Θ̂(ε1; ε2) = PH1Q
1

ε1 −QHQ
×

QΘQ
1

ε2 −QHQ
QH1P

Θ̂m =
1

m!

dmΘ̂(ε)

dεm

∣∣∣∣
ε=ε0

Θ̂nm =
1

n!m!

dn

dεn1

dm

dεm2
Θ̂(ε1; ε2)

∣∣∣∣
ε1,2=ε0
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Perturbative properties

Order-by-order convergence
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Perturbative properties of the 00ν effective operator
Convergence with respect the number of intermediate states

2 4 6 8 10 12 14 16
Nmax

1.5

2

2.5

3

3.5

4

4.5

5

M
0ν

76
Ge χ

0χ
0 

+ χ
1

χ
0 

+ χ
1 

+ χ
2

Order-by-order convergence

0 1 2 3 4 5 6
J

-2

-1

0

1

2

3

M
0ν G

T

Positive parity - 3rd order
Positive parity - 2nd order

48
Ca

48
Ti→ Contributions from pairs of decaying

neutrons with given Jπ to M0ν
GT for

48Ca 0νββ decay. The bars filled in
blue corresponds to the results
obtained with Θeff calculated a 3rd
order in perturbation theory, those in
dashed blue are calculated at 2nd
order

Luigi Coraggio DBD2022



Perturbative behavior of the effective 0νββ operator
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The perturbative behavior is dominated by
the GT component, the renormalization
procedure does not affect significantly M0ν

F

The perturbative expansion of the effective
0νββ operator is less satisfactory than the
single-β decay operator
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The blocking effect

Blocking (Pauli) effect: as for the one-body operators, the filling
of the model-space orbitals by the valence nucleons affects the
effective 0νββ operator:
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m

j
m

j
m

j
m

j
m

Present shell model codes cannot manage the contributions of
these three-body correlations diagrams to the effective 0νββ-
decay operator
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The blocking effect
Many-body correlations are then taken into account by calcula-
ting three-body correlations diagrams and summing over one of
the incoming/outcoming nucleons
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cd

(A) (α)

⇓
We obtain a density-dependent two-body 0νββ
effective operator

〈(jajb)J |Oα|(jc jd )J〉 =
∑

m,J′

ρm
Ĵ ′

2

Ĵ2
〈[(jajb)J , jm]J′ |OA| [(jc jd )J , jm]J′〉
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Ab initio vs NSM calculations
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Shell model calculations of M0ν
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