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Production of Cosmic Rays

1. In the Fermi acceleration mechanism, charged particles increase 
considerably their energies crossing back and forth many times the 
border of a magnetic cloud (second-order Fermi mechanism) or of a 
shock wave (first-order Fermi mechanism). Compute the number of cross- 
ings that a particle must do in each of the mechanisms to gain a factor 10 
on its initial energy assuming: 

a. β = 10−4 for the magnetic cloud and β = 10−2 for the shock wave; 

b. β = 10−4 for both acceleration mechanisms. 

where β is the velocity of the astrophysical object (shock wave or cloud). 
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Production of Cosmic Rays
1. 
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The GZK effect

2.The Cosmic Microwave Background fills the Universe with 
photons with a peak energy of 0.37 meV and a number 
density of n ∼ 400/cm3. 

a. Determine the minimal energy (known as the GZK 
threshold) that a proton should have in order that the 
reaction pγ → Δ may occur. 

b. The GZK threshold is 6x1019 eV. Discuss the probable 
origin of the discrepancy found in the previous question.
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The GZK effect
2. 

a. 
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The GZK effect
2. 

b. 
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<latexit sha1_base64="cLv1okN0u/1yJfZhuGnnAJiUi24="></latexit>

Ep & 3.7⇥ 1020 eV ! log(Ep/eV) & 20.6



ruben@lip.pt

The GZK effect
2. 

b. 
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γp cross-section

(Photo-pion production starts 

before the Δ resonance)

CMB spectrum

(The mean value is higher 

than the peak position)
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The Heitler model for EAS
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3. The main characteristic of an electromagnetic shower (say, initiated 
by a photon) can be obtained using a simple Heitler model. Let E0 be 
the energy of the primary particle and consider that the electrons, 
positrons and photons in the cascade always interact after traveling a 
certain atmospheric depth d = X0, and that the energy is always equally 
shared between the two particles. With this assumptions, we can 
schematically represent the cascade as in the shown in the figure.

a. Write the analytical expressions for the number of particles and for 
the energy of each particle at depth X as a function of d, n and E0. 

b.The multiplication of the cascade stop when the particles reach a critical energy, Ec (when the decay 
probability surpasses the interaction proba- bility). Using the expressions obtained in the previous question, 
write as a function of E0, Ec and λ = d/ ln 2, the expressions, at the shower maximum, for:


i.     The average energy of the particles;

ii.   The number of particles, Nmax;

iii. The atmospheric depth, Xmax.
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Heitler model for EAS
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3. 

a. 


n=j
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Heitler model for EAS
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3. 

b. 

i. 


ii.

n=j
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Heitler model for EAS
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3. 

b. 

iii. 

n=j
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Heitler-Matthews model for EAS 
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4. Consider a shower initiated by a proton of energy E0. We 
will describe it with a simple Heitler-like model: after each 
depth d an equal number of pions, nπ , and each of the 3 
types is produced: π0, π+, π−. Neutral pions decay through   
π0 → γγ and their energy is transferred to the 
electromagnetic cascade. Only the charged pions will feed 
the hadronic cascade. We consider that the cascade ends 
when these particles decay as they reach a given decay 
energy Edec, after n interactions, originating a muon (plus an 
undetected neutrino). 


n=1

n=2

n=3

p
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 Assuming the validity of the superposition principle, according to which a nucleus of mass number 
A and energy E0 behaves like A nucleons of energy E0/A, derive expressions for:

a.the depth where this maximum is reached, Xmax;

b.the number of muons produced in the shower, Nμ.
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Heitler-Matthews model for EAS 
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Starting with proton induced showers:



ruben@lip.pt

Heitler-Matthews model for EAS 

14

4. 

a. 

p
<latexit sha1_base64="YCRLqY3FYFMPr169IIibebwVZHg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP22eM+A==</latexit>

⇡±
<latexit sha1_base64="pnxJUfXySXNPEF42+Y3E9YPeXKs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB/QXUs2zbahSTYkWaGU/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJppQpsk5anuxNhQziRtWmY57ShNsYg5bcej25nffqLasFQ+2LGikcADyRJGsHVSO1TsMVSiV674VX8OtEqCnFQgR6NX/gr7KckElZZwbEw38JWNJlhbRjidlsLMUIXJCA9o11GJBTXRZH7uFJ05pY+SVLuSFs3V3xMTLIwZi9h1CmyHZtmbif953cwm19GESZVZKsliUZJxZFM0+x31mabE8rEjmGjmbkVkiDUm1iVUciEEyy+vklatGlxUa/eXlfpNHkcRTuAUziGAK6jDHTSgCQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwBU1o+Q</latexit>

⇡0
<latexit sha1_base64="HxhuhfnsS7NpAaPXcrgcmqzgbOc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSS303Fo9srV9yqOwdZJV5OKpCj0St/dfsJy2KukElqTMdzUwwmVKNgkk9L3czwlLIRHfCOpYrG3AST+bFTcmaVPokSbUshmau/JyY0NmYch7Yzpjg0y95M/M/rZBhdBxOh0gy5YotFUSYJJmT2OekLzRnKsSWUaWFvJWxINWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHdOyOcw==</latexit>

Extrapolating for any element A protons 
with energy E/A
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Extrapolating for any element A protons 
with energy E/A
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For proton induced showers

MC showers
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b. Extrapolating for any element A protons 

with energy E/A

n=1

n=2

n=3

p
<latexit sha1_base64="YCRLqY3FYFMPr169IIibebwVZHg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP22eM+A==</latexit>

⇡±
<latexit sha1_base64="pnxJUfXySXNPEF42+Y3E9YPeXKs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB/QXUs2zbahSTYkWaGU/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJppQpsk5anuxNhQziRtWmY57ShNsYg5bcej25nffqLasFQ+2LGikcADyRJGsHVSO1TsMVSiV674VX8OtEqCnFQgR6NX/gr7KckElZZwbEw38JWNJlhbRjidlsLMUIXJCA9o11GJBTXRZH7uFJ05pY+SVLuSFs3V3xMTLIwZi9h1CmyHZtmbif953cwm19GESZVZKsliUZJxZFM0+x31mabE8rEjmGjmbkVkiDUm1iVUciEEyy+vklatGlxUa/eXlfpNHkcRTuAUziGAK6jDHTSgCQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwBU1o+Q</latexit>

⇡0
<latexit sha1_base64="HxhuhfnsS7NpAaPXcrgcmqzgbOc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSS303Fo9srV9yqOwdZJV5OKpCj0St/dfsJy2KukElqTMdzUwwmVKNgkk9L3czwlLIRHfCOpYrG3AST+bFTcmaVPokSbUshmau/JyY0NmYch7Yzpjg0y95M/M/rZBhdBxOh0gy5YotFUSYJJmT2OekLzRnKsSWUaWFvJWxINWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHdOyOcw==</latexit>
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4. 

b. Extrapolating for any element A protons 

with energy E/A

p
<latexit sha1_base64="YCRLqY3FYFMPr169IIibebwVZHg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP22eM+A==</latexit>

⇡±
<latexit sha1_base64="pnxJUfXySXNPEF42+Y3E9YPeXKs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB/QXUs2zbahSTYkWaGU/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJppQpsk5anuxNhQziRtWmY57ShNsYg5bcej25nffqLasFQ+2LGikcADyRJGsHVSO1TsMVSiV674VX8OtEqCnFQgR6NX/gr7KckElZZwbEw38JWNJlhbRjidlsLMUIXJCA9o11GJBTXRZH7uFJ05pY+SVLuSFs3V3xMTLIwZi9h1CmyHZtmbif953cwm19GESZVZKsliUZJxZFM0+x31mabE8rEjmGjmbkVkiDUm1iVUciEEyy+vklatGlxUa/eXlfpNHkcRTuAUziGAK6jDHTSgCQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwBU1o+Q</latexit>

⇡0
<latexit sha1_base64="HxhuhfnsS7NpAaPXcrgcmqzgbOc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSS303Fo9srV9yqOwdZJV5OKpCj0St/dfsJy2KukElqTMdzUwwmVKNgkk9L3czwlLIRHfCOpYrG3AST+bFTcmaVPokSbUshmau/JyY0NmYch7Yzpjg0y95M/M/rZBhdBxOh0gy5YotFUSYJJmT2OekLzRnKsSWUaWFvJWxINWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHdOyOcw==</latexit>
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