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Quark helicity

Gluon helicity

Orbital angular 
momentumSpin

• DIS experiments showed that quarks carry only about 
30% of the proton’s spin 


• Failure of the constituent quark model to explain spin of 
the proton - spin crisis 

• “Traditional” explanation in pQCD - interplay between 
quark and gluon contribution

ΔΣ = 0.25 ∼ 0.3
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The key role of the anomaly is seen from the structure of the 
triangle graph in the off-forward limit. The current is not 
conserved due to presence of the chiral anomaly. 

t ⌘ l2
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The triangle diagram has an infrared pole and (t) / FF̃
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Exact result!
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MN
hP 0, S|Jµ

5 (0)|P, Si =
l · S lµ

l2
(Q2, t)

The existence of the infrared pole of the triangle diagram 
has not been addressed in pQCD calculations.

R. L. Jaffe, A. Manohar
Nucl. Phys., B337:509–546, 1990 

Shore, Veneziano (1990) 
Narison, Shore, Veneziano, hep-ph/9812333  
G. M. Shore, hep-ph/0701171  
K.-F. Liu (1992)

Sµ⌃(Q2) =
1

MN
hP, S|Jµ

5 (0)|P, Si
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Perturbative and non-perturbative interplay
The infrared pole of the triangle diagram must be cancelled by a pole in the pseudo-
scalar sector of the theory:

⌃(Q2) =
nf ↵s

2⇡MN
lim
lµ!0

hP 0, S| 1

il · sTr
⇣
FF̃

⌘
(0)|P, Si
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The result is manifestly gauge invariant!

Generalization of this result to , and 
interplay with non-perturbative physics can be 
explored efficiently in a worldline framework

g1(x, Q2)
/ lµ

l2
FF̃
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The presence of the pole in the triangle diagram is related to 
topological properties of QCD (measure of the QCD path 
integral), which are described by the chiral Ward identities. 
The triangle diagram is not local!



The triangle anomaly in the worldline formalism

The triangle anomaly:

D.G.C. McKeon, C. Schubert, Phys. Lett. B 440 (1998) 101

We consider a functional integral representation (worldline) 
of the imaginary part (anomaly!) of the Dirac determinant 
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We reproduce famous infrared pole of the anomaly
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Steven Adler!
(b. 1939)

John S. Bell!
(1928-1990)

Roman Jackiw!
(b. 1939)

Jack Steinberger!
(b. 1921)

Transforming the result back to position space,

we arrive at the celebrated Adler-Bell-Jackiw anomaly

Julian Schwinger!
(1918-1994)

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space

e
2h0|T [Jµ

A(0)J
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V(x1)J
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V(x2)]|0i =
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d
4
p

(2⇡)4

Z
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i�µ↵�(p, q)eip·x1+iq·x2 , (2.20)

so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams

i�µ↵�(p, q) =

q
�

p
↵

(p+ q)µ +

q
�

p
↵

(p+ q)µ (2.22)

whose contributions can be found using the Feynman rules of QED

i�µ↵�(p, q) = e
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit

(p+ q)µi�µ↵�(p, q) =
ie

2

2⇡2
✏µ��⌫p

�
q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
2

16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]

(p+ q)µi�µ↵�(p, q) =
ie

2~
2⇡2

✏↵���p
�
q
�
, (2.64)

or in position space
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A
(x)iA =

e
2~

16⇡2
✏
µ⌫↵�Fµ⌫F↵�. (2.65)

Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit
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q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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A
(x)iA =

e
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16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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or in position space
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Transforming the result back to position space,

we arrive at the celebrated Adler-Bell-Jackiw anomaly
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Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
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e
2h0|T [Jµ

A(0)J
↵

V(x1)J
�

V(x2)]|0i =
Z

d
4
p

(2⇡)4

Z
d

4
q

(2⇡)4
i�µ↵�(p, q)eip·x1+iq·x2 , (2.20)

so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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The structure function g1
non-local operatorinfrared pole

The structure function  is dominated by the triangle anomaly, hence  is topological. 
The result is formally identical in both Bjorken and Regge limits.  is 
topological in both asymptotic limits of QCD

g1 g1
g1(xB, Q2)

Sµg1(xB , Q
2)
���
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matches calculation of the triangle diagram
The pole must be removed by 
contribution of the pseudo-
scalar sector

Tarasov, Venugopalan (arXiv:2008.08104) 



Pseudoscalar contribution
To take into account contribution of the pseudoscalar sector we use 
the most general form of the imaginary part of the effective action

scalar field pseudoscalar field
D’Hoker, Gagne,hep-th/9508131

Leutwyler (1996); Herrara-Sikody et al (1997); Leutwyler-Kaiser (2000)
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Functional integral representation of the effective action:
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It generates the iso-singlet Wess-Zumino-Witten coupling ∝ η0FF̃
Tarasov, Venugopalan 
(in preparation) 

in agreement with the corresponding term in  which was 
derived from chiral perturbation theory

ℒWZW
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Imaginary part of the effective action
With this form of the effective action, we see explicitly how the pole of the anomaly 
is canceled by a massless  exchange (“primordial” ninth Goldstone boson)η̄
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We consider the matrix element of  taking 
into account the WZW coupling 
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Imaginary part of the effective action
The diagram represents the direct coupling of the axial vector currents to the 
nucleon target. It is fundamentally different from other diagrams since it is the only 
diagram which contributes to the axial form factor GA(l2)

a b c d
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The anomaly equation for the divergence of the singlet axial current and the 
requirement of the infrared pole cancellation impose relation of this result to the 
contribution of other diagrams



 Goldberger-Treiman relation
Using the anomaly equation we derive 
the  generalization  of  the  well-known  
Goldberger-Treiman  relation  to  the  
isosinglet  axial  vector current
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Cancellation of the infrared pole
From requirement of the infrared pole cancellation we find a relation between the 
product of the  decay constant and its coupling to the nucleon to the matrix 
element of the topological charge density in the forward limit

η0

a b c d

related
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We study the effect of the WZW 
coupling in the two-point Green 
functions and demonstrate how 
it generates a nonzero m2

η′ 
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The WZW-  term and the topological susceptiblityη̄
The topological susceptibility:

a b c d
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�(l2) = i

Z
d4x eilxh0|T ⌦(x)⌦(0)|0i

Taking into account the coupling between  and , as specified 
by the WZW action, it is easy to obtain

η̄ Ω
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�(l2) = l2
1

l2 �m2
⌘0
�YM(l2)
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m2
⌘0 ⌘ �2nf

F 2
⌘̄
�YM(0)
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hP 0, S|Jµ
5 |P, Si = 2nf

lµ

l2 �m2
⌘0
�YM(l2) · g⌦NN ū(P 0, S) �5 u(P, S)

For the diagram we have:
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lim
l!0

hP 0, S|Jµ
5 |P, Si = 0In the forward limit:

The topological susceptibility  vanishes in the forward 
limit because of topological mass generation

χ(l2)



The WZW-  term and the topological susceptiblityη̄

a b c d

Contribution of the diagram is not zero even in the forward limit

related From the infrared pole cancellation requirement 
we obtain a relation between the decay constant 
and the topological susceptibility 
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F 2
⌘̄ = lim

l!0

2nf

l2
�(l2)

Expanding the topological susceptibility
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⌃(Q2) =

r
2

3

2nf

MN
g⌘0NN

p
�0(0)

Shore, Veneziano (1992)



Effective action at small-x
Since the anomaly dominates the box diagram, the similar dynamics underlines 
the  dependence of . Novel features emerge at small .xB g1(xB, Q2) xB

a b c d

At large-x the gluon field is dominated by 
the instanton configuration. The typical 
scale is .m2

η′ 

At small-x there is a background of 
the small-x gluons characterized by 
the saturation scale .Q2

s



Axion-like effective action
We  construct an axion-like effective action at small  that describes the interplay 
between gluon saturation and the topology of the QCD vacuum. It contains the WZW 
coupling and a kinetic term for the  field. This dynamics is governed by the 

xB

η̄ m2
η′ 
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SCGC[A, ⇢] = �1

4

Z
d4xFµ⌫

a F a
µ⌫ +

i

Nc

Z
d2x? trc

⇥
⇢(x?) ln

�
U[1,�1](x?)

�⇤

The background gauge configurations representing the saturated state are static 
classical configurations and their dynamics is described by the Color Glass 
Condensate (CGC) Effective Field Theory and controlled by the saturation scale Q2

s
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Veneziano, Mod. Phys. Lett. (1989) 
Hatsuda, PLB (1990) 

McLerran, Venugopalan (1994)

Tarasov, Venugopalan (in preparation) 



Topological transitions at small-x
Because of the presence of two scales - mass of the  and saturation scale, 

 can be sensitive to real-time topological transitions (sphaleron transitions)
η′ 

g1

Spin diffusion via sphaleron transitions in topologically disordered media

Over the barrier (sphaleron) transitions between different 
topological sectors of QCD vacuum…
characterized by integer valued Chern-Simons #

NCS =   -2       -1        0         1          2

Two scales – the height of the barrier given by

- the gluon saturation scale QS 

m2
⌘0 = 2nf

�YM

F 2
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When QS
2 >> 8&'2 over the barrier gauge configurations dominate over instanton configurations 

Sphaleron transition rate off-equilibrium

Axion-like dynamics in a hot QCD plasma - McLerran,Mottola,Shaposhnikov (1990)

If  the CGC solution starts to 
dominate and we predict over-the-barrier 
sphaleron transitions between different 
topological sectors of QCD vacuum

Q2
s ≫ m2

η′ When  the gluon 
field is dominated by the 
instanton configurations

m2
η′ 

≫ Q2
s



Summary
• We show that the anomaly appears in both the Bjorken limit of large  

and in the Regge limit of small . We find that the infrared pole in the 
anomaly arises in both limits


• The cancellation of the pole involves a subtle interplay of perturbative 
and nonperturbative physics that is deeply related to the  problem 
in QCD


• We demonstrate the fundamental role of the WZW term both in 
topological mass generation of the  and in the cancellation of the off-
forward pole arising from the triangle anomaly in the proton's helicity. We 
recover the result by Shore and Veneziano that  


• We introduce an axion-like effective action at small-x which describes the 
interplay between gluon saturation and the topology of the QCD vacuum


• We outline the role of “over-the-barrier” sphaleron-like transitions in spin 
diffusion at small . Such topological transitions can be measured in 
polarized DIS at a future Electron-Ion Collider.

Q2

xB

UA(1)

η′ 

Σ ∝ χ′ (0)

xB


