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zero-temperature estimate h !c c ilðMS;! ¼ 2 GeVÞ ¼
242ð9Þðþ 5

% 17Þð4Þ MeV3 determined in the chiral limit
using SUð2Þ staggered chiral perturbation theory by the
MILC Collaboration [41] and the corresponding strange

quark mass mMSð !! ¼ 2GeVÞ ¼ 88ð5ÞMeV. We get d ¼
0:023 224 4.

We show "R
l for the HISQ/tree action and the stout

continuum results in Fig. 8 (left).5 To compare with the
stout continuum results, we need to extrapolate the HISQ/
tree data both to the continuum limit and to the physical
quark mass. To perform the continuum extrapolation we
convert"R

l to the fK scale in which discretization errors, as
already noted for "l;s, are small. We then interpolate these
N" ¼ 8 data at ml=ms ¼ 0:05 and 0.025 to the physical
quark mass ml=ms ¼ 0:037. These estimates of the con-
tinuum HISQ/tree "R

l are shown in Fig. 8 (left) as black
diamonds and are in agreement with the stout results (green
triangles) [24].

Last, in Fig. 8 (right), we show the subtracted renormal-
ization group invariant quantity,"R

s , which is related to the
chiral symmetry restoration in the strange quark sector. We
find a significant difference in the temperature dependence
between "R

l and "R
s , with the latter showing a gradual

decrease rather than a crossover behavior.

B. The chiral susceptibility

As discussed in Sec. III, the chiral susceptibility #m;l is a
good probe of the chiral transition in QCD as it is sensitive
to the singular part of the free energy density. It diverges in
the chiral limit, and the location of its maximum at nonzero
values of the quark mass defines a pseudocritical tempera-

ture Tc that approaches the chiral phase transition tempera-
ture T0

c as ml ! 0.
For sufficiently small quark masses, the chiral suscepti-

bility is dominated by the disconnected part; therefore, Tc

can also be defined as the location of the peak in the
disconnected chiral susceptibility defined in Eq. (27). As
we will show later, #q;disc does not exhibit an additive
ultraviolet divergence but does require a multiplicative
renormalization.6

1. Disconnected chiral susceptibility

The multiplicative renormalization factors for the chiral
condensate and the chiral susceptibility can be deduced
from an analysis of the line of constant physics for the light
quark masses, mlð$Þ. The values of the quark mass for the
asqtad action, converted to physical units using r1, are
shown in Fig. 9 (left). The variation with $ gives the scale
dependent renormalization of the quark mass (its recipro-
cal is the renormalization factor for the chiral condensate).
What mlð$Þ does not fix is the renormalization scale,
which we choose to be r0=a ¼ 3:5 (equivalently r1=a ¼
2:37 or a ¼ 0:134 fm), and the ‘‘scheme,’’ which we
choose to be the asqtad action. For the asqtad action, this
scale corresponds to the coupling $ ¼ 6:65 which is half-
way between the peaks in the chiral susceptibility on
N" ¼ 8 and 12 lattices. This specification, ZmðasqtadÞ ¼ 1
at r0=a ¼ 3:5, is equivalent to choosing, for a given action,
the renormalization scale#which controls the variation of
Zm with coupling$ as shown in Fig. 9 (right) for the asqtad
action.
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FIG. 7 (color online). The subtracted chiral condensate for the asqtad and HISQ/tree actions with ml ¼ ms=20 is compared with the
continuum extrapolated stout action results [24] (left panel). The temperature T is converted into physical units using r1 in the left
panel and fK in the right. We find that the data collapse into a narrow band when fK is used to set the scale. The black diamonds in the
right panel show HISQ/tree results for N" ¼ 8 lattices after an interpolation to the physical light quark mass using the ml=ms ¼ 0:05
and 0.025 data.

5We multiply the stout results by ðms=mlÞ ¼ 27:3 and by
r41m

4
% ¼ 0:002 227 5. For the latter factor, we use the physical

pion mass and the value of r1 determined in [59] and discussed in
Sec. II C.

6It is easy to see that at leading order in perturbation theory,
i.e., in the free theory, the disconnected chiral susceptibility
vanishes and thus is nondivergent. Our numerical results at
zero temperature do not indicate any quadratic divergences in
the disconnected chiral susceptibility, but logarithmic divergen-
ces are possible.
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subtracted condensate �l,s
(removes lattice finite-size divergences)
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• Consistent with O(4)⇥ U(1)A restoration for ml/ms, hq̄qil ! 0+ (Nf = 2)
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• In physical limit provides well-determined O(4)⇥U(1)A breaking
above Tc via �l,s tail modulated by hs̄si
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=) O(4)⇥ U(1)A pattern for exact chiral restoration
(as for Nf = 2, ml ! 0, consistent with lattice)
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Reconstructed K/ susceptibilities from WI
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P in O(4)⇥ U(1)A region, above �


S peak

• Peak behaviour driven by ml/ms
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1/Nc ⇠ mq ⇠ T 2 ⇠ p2 counting
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! O(4)⇥ UA(1) in chiral limit
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) �S saturated by lightest p = 0 state f0(500) (�)
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S(T ) = Re(spole(T )) ⇠ Re⌃f0(T )
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) Reproduces expected peak, OK with lattice

) Thermal interactions crucial

) Uncertainties within LEC range
<latexit sha1_base64="fXfz1Ngg8ciQDOoQYNukQGjxIS4="></latexit><latexit sha1_base64="fXfz1Ngg8ciQDOoQYNukQGjxIS4="></latexit><latexit sha1_base64="fXfz1Ngg8ciQDOoQYNukQGjxIS4="></latexit><latexit sha1_base64="fXfz1Ngg8ciQDOoQYNukQGjxIS4="></latexit>

) �
S saturated now by K⇤

0 (700) thermal pole in ⇡K scattering
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thermal interactions crucial
to reproduce peak
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• ml/ms ! 0+: �
S ! �K

P at lower T
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Topological Susceptibility in U(3) ChPT
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• T = 0 and thermal dependence captured by ChPT within uncertainties

• Dominated by light quarks. K, ⌘, ⌘0 loops and ⌘ � ⌘0 mixing included.
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• From WI �top = � 1
4

⇥
mud hq̄qil +m

2
ud�

⌘l
⇤
, T scaling dominated by

hq̄qil at low T , but second term relevant near Tc

! consistent with finite O(4)-U(1)A gap in physical case
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Ward Identities (WI) provide useful conclusions regarding chiral

symmetry restoration, including U(1)A restoration, a relevant

open problem for the QCD phase diagram [1, 2, 3, 6]:

? U(1)A restored for exact chiral restoration of

scalar/pseudoscalar lightest nonet [2, 3].

OK with Nf = 2 lattice.

? Sizable gap for Nf = 2 + 1 driven by strangeness.

? K/ degeneration suitable alternative sign for O(4)⇥ U(1)A.

Predicts �

S peak and explains role of strangeness

through hs̄si [6].
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E↵ective Theories allow to check O(4) ⇥ U(1)A pattern and generate
thermal resonances dominating most relevant observables [3, 4, 5, 6]:

? U(3) ChPT analysis confirms WI and lattice results [3, 5, 6].

? Scalar susceptibilities saturated by thermal f0(500)(�) and K
⇤
0 (700)()

reproduce expected peaks consistently with lattice [4, 6].
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