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Introduction

Classical physics: trajectories

Quantum physics: transition probabilities

What do experiments actually measure in particle physics?
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Quantum Transitions
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Quantum Transitions

We start in an initial state |i⟩, and some interaction triggers a transition to
the final state |f ⟩.
What we want to know is the probability of this transition occurring
due to a specific interaction.
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Fermi’s Golden Rule

Γi→f = 2π |Tfi |2 ρ(Ef )

Γi→f : transition rate

Tfi : matrix element

ρ(Ef ): density of final states
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The Transition Matrix Element

Tfi = ⟨f |H ′|i⟩

First–order matrix element of the interaction

Connects the initial state |i⟩ to the final state |f ⟩
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Density of Final States

ρ(Ef ) =
dn

dE

Number of final states per unit energy

Depends only on kinematics

Not on the interaction

Therefore, we can say that the transition rate is:

Transition rate ∝ Dynamics× Kinematics
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Counting Final States

Assuming that the particles are described by plane wave functions

ψp(x) =
1√
V

e ip·x,

the wavefunctions can be normalized to 1 particle per box volume of side
a.

This implies periodic boundary conditions:

ψp(x) = ψp(x+ a).
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Counting Final States

Thus, the momentum p must be quantized in all directions:

p =

(
2πnx
a

,
2πny
a

,
2πnz
a

)
. nx , ny , nz ∈ Z

So each momentum state occupies a volume d3p⃗ in momentum space

d3p⃗ = dpx dpy dpz =

(
2π

a

)3

=

(
2π

V

)3

.

This allows us to relate n and p:

dn =
d3p⃗

(2π)3
V .

But this is not Lorentz invariant!
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Lorentz Invariant Phase Space

Length varies by a factor of 1
γ in the direction of motion. The solution is

to normalize the wave function to 2E particles per unit volume.

A new Lorentz invariant matrix element, Mfi can then be defined.
Consider a general process a+ b → 1 + 2. The matrix element M takes
the form:

Mfi =
√
2E1 · 2E2 · 2Ea · 2Eb Tfi
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Lorentz Invariant Phase Space

For each final-state particle:

d3p

(2π)3 2E

For a general final state:

dΦ =
∏
f

d3pf
(2π)3 2Ef
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Lorentz Invariant Phase Space

The factors of the form d3p⃗
(2π)32E

are are called Lorentz-invariant phase

space factor.
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Invariant Form of Fermi’s Golden Rule

Generalizing to a process a → 1 + 2 + ... + n, the final form is:

Γi→f =
(2π)4

2Ea

∫
|Mif |2δ(Ea −

n∑
i

Ei ).δ
3(p⃗a −

n∑
i

p⃗i )
n∏
i

d3p⃗i
(2π)32Ei

The Dirac deltas enforce conservation laws
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From transition rate to lifetime

The transition rate Γ has a direct physical interpretation. It determines
how fast a particle decays.
Two important physical quantities can be defined:

Mean lifetime τ = 1/Γ

Average time a particle exists before decaying

Half-life T1/2 = ln 2/Γ

Time after which half of an initial population has decayed

These quantities are directly measurable in laboratory experiments.
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