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An outstanding researcher had an offer for a permanent position

Composition after September 
2022.
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Alfred Stadler    André Torcato     André Nunes      Vasco Valverde   Gonçalo Costa

Teresa Peña          Ana Arriaga     Elmar Biernat        Raúl Torres 

Alfred	Stadler							Teresa	Peña										Ana	Arriaga										Elmar	Biernat											Raúl	Torres								AndréTorcato									Gonçalo	Costa

Group Composition
4 faculty members (IST + FCUL + UE)
2 PhD students (late stages) + 1 International co-supervision U. Graz
2 Master students (1 ongoing, 1 finished degree) + 1 to join
4 undergraduate trainees

We connect hadron structure, multiquarks, and nuclei.
 
Core Topics

Heavy Baryons.
Pentaquarks/multiquark clustering.
Meson spectra.
Effective nuclear interaction.

Pentaquarks

Tetraquarks

at a glance
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What do we do?

Outputs
Observables: Spectra, Form Factors, PDFs/TMDs;
weights of cluster components.

Impact
Complementary cross-checks to lattice; 
constraints from/for experiment; 
bridge to nuclear applications.

Methods
Continuum non-perturbative functional QCD (as DSE–BSE or CST), 
complementary to lattice QCD,
to generate bound states and correlations.
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    Strengths Opportunites      Weaknesses
Unique national 
expertise in non-
pertubative continuum 
QCD functional methods. 

Complementary 
theoretical methods to 
test model 
independence.

International recognition 
and collaborations.

Synergies between
Nuclear & Particle & 
Astroparticle Physics.

Natural unit 
synergies with 
NUC-RIA, PHENO 
groups.

Heavy teaching and 
administrative load.

Reduced dimension is a
continuity risk.

No PhD grant pipeline program, 
at the nuclear–particle interface.

Limited/uncertain funding makes 
increasingly difficult to plan 
activities and retain talent.

Shift in public policy that 
prioritizes immediate productive 
innovation over research.

Threats
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Research Highlight

Contents lists available at ScienceDirect

Journal of Subatomic Particles and Cosmology
journal homepage: https://www.sciencedirect.com/journal/journal-of-subatomic-particles-

and-cosmology

Full Length Article

Electric and magnetic timelike form factors of hyperons at large transfer 
momentum

G. Ramalho a,ω, M. T. Peña b,c, K. Tsushima d, Myung-Ki Cheoun a

aDepartment of Physics, OMEG Institute, Soongsil University, Seoul, 06978, Republic of Korea
b Instrumentação e Física Experimental de Partículas, LIP, Laborat, Avenida Professor Gama Pinto, 1649-003, Lisboa, Portugal
cDepartamento de Física, Departamento de Engenharia e Ciências Nucleares, Instituto Superior Técnico, Universidade de Lisboa, Avenida Rovisco Pais, 1049-001, 
Lisboa, Portugal
d Programa de Pósgraduação em Física Computacional, Laboratório de Física Teórica, Computacional – LFTC, Universidade Cidade de São Paulo, São Paulo, 
01506-000, SP, Brazil
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There has been considerable progress in the study of the electromagnetic form factors of baryons in the timelike 
region, through electron-positron scattering reactions (𝜔+𝜔ε  𝜀 𝜗𝜀), in the last two decades. Timelike experiments 
reveal information about the distribution of charge and magnetism inside the hyperons that cannot be obtained 
in spacelike experiments (electron scattering on baryons). Motivated by the novel data, we extend to the timelike 
region, without any further parameter !tting, a covariant quark model developed for the spacelike region that 
takes into account the meson cloud excitations of the baryon cores. We use the formalism to calculate the electric 
(𝜛𝜚) and magnetic (𝜛𝜍 ) form factors of spin 1/2 baryons in the large square transfer momentum 𝜑2 region. Our 
calculations are compared with the available data from CLEO and BESIII above 𝜑2 = 10 GeV2. We conclude that 
our predictions for the e"ective form factors (combination between 𝜛𝜚 and 𝜛𝜍 ) are in good agreement with the 
𝜑2 > 15 GeV2 data for ϑ, ϖ+, ϖ0, ϱε and ϱ0. Upcoming data for ϖε can be used to further test our predictions. We 
also compare our model calculations with the available data for ratio ⌋𝜛𝜚ς𝜛𝜍 ⌋. We conclude that the present 
𝜑2 data range is not large enough to test our calculations, but that a more de!nitive test can be performed by 
upcoming data above 𝜑2 = 20 GeV2.

1.  Introduction

The study of the structure of the baryons has been dominated by 
spacelike experiments based on the scattering of electrons on nucleon 
targets (square transfer momentum 𝜑2 = ε𝛻2 ∱ 0) in facilities like Jef-
ferson Lab, MAMI, and MIT-Bates [1]. In recent years, there was signi!-
cant progress in the experimental study of the electromagnetic structure 
of the baryons in the timelike region (invariant square transfer momen-
tum 𝜑2 > 0), based on electron-positron collisions in facilities like BaBar, 
CLEO, Belle and BES [2–7]. The information about the electromagnetic 
structure of spin 1/2 baryons 𝜀 can be obtained from the di"erential and 
total cross sections on the annihilation reactions 𝜔+𝜔ε  𝜀 𝜗𝜀 in a region 
where the square transfer momentum is 𝜑2 = 𝜕 ∲ 4𝜍2

𝜀 (𝜍𝜀 is the mass 
of the baryon). In the timelike region, the electromagnetic form factors 
are complex functions of 𝜑2. From the experiments we obtain the mod-
ulus of the electric (𝜛𝜚) and magnetic (𝜛𝜍 ) form factors, that can be 

ω Corresponding author.
 E-mail address: gilberto.ramalho2013@gmail.com (G. Ramalho).

combined to de!ne the e"ective form factor ⌋𝜛(𝜑2)⌋, and the electro-
magnetic ratio ℵ(𝜑2) [ℶ = 𝜑2ς(4𝜍2

𝜀)] [2–4]

⌋𝜛(𝜑2)⌋2 = 2ℶ⌋𝜛𝜍 (𝜑2)⌋2 + ⌋𝜛𝜚 (𝜑2)⌋2
1 + 2ℶ , ℵ(𝜑2) =

⌋𝜛𝜚 (𝜑2)⌋
⌋𝜛𝜍 (𝜑2)⌋ . (1)

These experiments reveal information about the distribution of charge 
and magnetism inside the hyperons that cannot be obtained by spacelike 
experiments (short lifetime of hyperons). The e"ective form factors ⌋𝜛⌋
have been measured for several baryons at BaBar, CLEO, BESIII and 
Belle. Of interest are the measurements at CLEO and BESIII above 𝜑2 =
10 GeV2 [5,8,9].

In the last few years, it was also possible to measure the polarization 
of the baryon and antibaryon !nal states, allowing the determination 
of the relative phase between 𝜛𝜚 and 𝜛𝜍 : φ∇ at BESIII for the ϑ and 
ϖ+ [6]. With the knowledge of ⌋𝜛𝜍 ⌋, ⌋𝜛𝜚 ⌋ and φ∇, (also function of 𝜑2), 
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Fig. 1. E!ective form factors ⌋𝜔(𝜀2)⌋ of the hyperons for 𝜀2 > 10 GeV2 (solid line) [2]. The dashed lines represent the limits of deviations from the asymptotic 
relations. The data are from CLEO [5] and BESIII [8,9]. For ωε we include also BESIII data below 𝜀2 = 10 GeV2. 

one can write:

𝜔𝜗
𝜔𝜛

=
⌋𝜔𝜗 ⌋
⌋𝜔𝜛 ⌋ 𝜚

𝜍ϑϖ, Re
⌈

𝜔𝜗
𝜔𝜛

⌉
=

⌋𝜔𝜗 ⌋
⌋𝜔𝜛 ⌋ cosϑϖ. (2)

Motivated by the experimental measurements on ⌋𝜔⌋ and 𝜑, we use 
a covariant quark model [10], developed for the study of electromag-
netic transitions between baryon states in the spacelike region, to make 
predictions for the large 𝜀2 timelike region [2]. The model takes into 
account both the e!ects of valence quarks and the excitations of the 
meson cloud, which dresses the bare baryons.

The extension to the timelike region is made considering asymptotic 
relations valid in the large 𝜀2 region, based on unitarity and analyticity. 
For arbitrarily large values of ⌋𝜀2⌋ = ⌋𝛻2⌋ we can use 𝜔⋛(𝜀2) = 𝜔SL

⋛ (𝜀2), 
for ⋛ = 𝜗,𝜛 , to determine the form factors 𝜔⋛(𝜀2) in the timelike re-
gion, based on the spacelike form factors 𝜔SL

⋛ (𝛻2), de"ned in terms of 
𝛻2 = ε𝜀2 for the region 𝛻2 ∱ 0 [3].

However, one notices that the asymptotic relations are strictly valid 
for the limit 𝜀2  ϱ, and it is not clear that 𝜀2 = 0 should be the center 
of the re#ection relation between spacelike and timelike form factors, 
since the threshold of the timelike form factors is 𝜀2 = 4𝜛2

𝜕 .
In order to take into account this ambiguity, we consider a "nite 

correction to the variable 𝜀2, using 𝜀2  𝜀2 ε 2𝜛2
𝜕 , shifting the center 

of the re#ection to the point between the two thresholds (⋛ = 𝜗,𝜛) [2] 

𝜔⋛(𝜀2) ∲ 𝜔SL
⋛ (𝜀2 ε 2𝜛2

𝜕). (3)

The theoretical uncertainties associated with the "nite corrections to the 
asymptotic relations can be estimated using the limits determined by the 
calculation centered on the spacelike threshold, 𝜔⋛(𝜀2) = 𝜔SL

⋛ (𝜀2), and 
the timelike threshold, 𝜔⋛(𝜀2) = 𝜔SL

⋛ (𝜀2 ε 4𝜛2
𝜕). When 𝜀2 is very large, 

the theoretical deviations become very small and the upper and lower 
estimates of the form factors converge to the same value, providing ac-
curate predictions that can be tested by experimental data. The limits 
of deviation from the asymptotic relations are included in the following 
"gures.

2.  Numerical results

We use the covariant spectator quark model [10]. The formalism 
was developed originally for the study of transitions of the nucleon and 
nucleon resonances [11] and transitions between baryon states in the 
spacelike region (𝛻2 = ε𝜀2 ∱ 0) [12,13], but has also been used in the 
study of inelastic timelike transitions [14], and the electroweak struc-
ture of baryons in vacuum and in a nuclear medium [15] and the nu-
cleon deep inelastic scattering [16].

Within the formalism the electromagnetic current from transitions 
between baryon states are determined using relativistic impulse approx-
imation applied to the photon-quark vertex, and the baryon wave func-
tions are reduced to quark-diquark components, where the diquark is on 
shell [10,12,13]. The quark internal structure associated with the gluon 
and quark-antiquark dressing is parametrized by constituent quark form 
factors. The quark-diquark radial wave functions are determined by "t-
ting lattice QCD data, based on the SU(3) #avor symmetry structure, 
that is broken explicitly [12]. In the low-𝛻2 region, we consider also 
e!ective parametrizations of the meson cloud dressing of the baryon 
states [13,14]. In the calculations, we use the parameters determined 
by the model from Refs. [12,13].

In Fig. 1, we compare our model calculations [2] for ⌋𝜔⌋ with the 
large 𝜀2 data for the hyperons, including the limits of the theoretical 
estimates. Our predictions, performed before the measurements from 
BESIII, are in very good agreement with the BESIII and CLEO data above 
𝜀2 = 15 GeV2. Our predictions for ωε are waiting for measurements at 
BES for 𝜀2 > 10 GeV2. Our calculations for ⌋𝜔⌋ suggest that the region 
𝜀2 > 15 GeV2 is already in the range where the asymptotic behavior of 
the form factors can be observed. We notice, however, that we may 
still be in the nonperturbative QCD region, and that the onset for the 
perturbative QCD fallo! of the form factors happens in a much higher 
region of 𝜀2 [2]. We do not discuss the oscillatory behavior observed 
on the form factors of baryons because the e!ects are expected to be 
suppressed at large 𝜀2 [17].

We also make predictions for the ratio ⌋𝜔𝜗ς𝜔𝜛 ⌋ [2], that has been 
measured recently for φ and ω+ for moderated values of 𝜀2 (𝜀2 ∇ 10
GeV2) [6,18]. Our model calculations are expected to be accurate only 
for larger values of 𝜀2, since they are based on asymptotic relations valid 

Journal�of�Subatomic�Particles�and�Cosmology�5��������100359�

2�

Electric an Magnetic hyperon form factors of hyperons
Our prediction confirmed by new data in the 10-20 GeV region.

Published this month

•Our asymptotic-regime prediction for 
hyperon timelike form factors agrees 
with recent measurements at small
momentum transfer.

•Message:
Asymptotic behavior sets in early i.e. 
already in the small momentum transfer region.
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To be submitted soon 
Heavy and Heavy-Light meson spectrum in CST

• Covariant description of heavy and heavy-light mesons 
in CST extended for arbitrary spin (previously only J=0 
and 1).

• Numerical calculations for all known heavy and heavy-
light mesons (i.e., up to J=3 ) with spectrum is very well 
described with (7) universal parameters.

What is it good for?
• Prediction of not yet observed states;
• Confirmation of unconfirmed states;
• Helps determining unknown quantum numbers of seen states;
• Calculated wave functions then enter into structure calculations. 

Research Highlight
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Submisson of Project

To investigate strongly interacting matter across 
different  regimes of QCD, from high-temperature
quark–gluon plasma to neutron stars. 

Pillar A Heavy-ion collisions and jets as probes of 
QCD matter.

Pillar B Lattice QCD calculations of quark propagator 
and three-gluon vertex, at finite temperature.  

Pillar C Hadronic correlations at finite temperature and 
density from DSE-BSE.  NEW horizons for NPSTRONG!

Pillar D QCD phase diagram, composition of neutron stars. 

Neutron stars (NSs)

1

Credit: NASA

• Gravity compresses ~   of material to km radius

• Dense matter near ground state, multi-body interactions, emergent collective phenomena

1.5 M⊙ ∼ 10

From NL consortium on Probing the Phase Diagram of QCD Laboratory in the Universe 

QCD-Matters with PHENO

Where are we going? Preparing the Future. 
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v Student André Torcato & Faculty Members Alfred Stadler & 
Elmar Biernat active in LIP Outreach Activities.

v MTP 
• member of International Light Cone Adv. Committee &
International Conferences Adv. Committees
• Portuguese representative at NuPECC.
• Co-authored  white paper 
“Hadron Physics Opportunities at FAIR”

Pion- and proton-induced QCD studies at GSI/FAIR 
Hadron physics with CBM, HADES, and NUSTAR

Roadmap
▪ Versatile program during the various phases of FAIR
▪ FAIR Phase0: pions/protons at HADES@SIS18

▪ FS+: protons at CBM@SIS100
▪ …towards antiprotons at HESR 

Hadron Physics at GSI and FAIR: 
Prospects for the Next Decade

Service to Society and Scientific Community
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QCD is paramount in the connection of 
Particle, Astro, Hadron and Nuclear Physics. 

It has the double role of 
source and sink of knowledge: 

“Research streams flow into and out of QCD”   
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FIG. 1. Five-body Bethe Salpeter equation with two-, three-,
four- and five-body kernels.

At a given bound-state or resonance pole with mass M ,
it assumes the form

T (5) →↑ !(5) !(5)

P 2 +M2
, (3)

where !(5) is the charge-conjugate amplitude. Compar-
ing the residues on both sides of the equation yields the
homogeneous equation (1).

In the following we neglect irreducible three-, four- and
five-body forces, so that the resulting kernel consists of
irreducible two-body interactions only. We will denote
this two-body kernel by K and assume that K(5) ↓ K.

B. Subtraction diagrams

Like in the case of the four-body equation [44–46], a
naive summation of two-body kernels leads to overcount-
ing in Eq. (2) and one needs subtraction terms. In a
five-body system there are ten possible two-body kernels

Ka ↔
{
K12 , K13 , K14 , K15 , K23 ,

K24 , K25 , K34 , K35 , K45

}
,

(4)

where the indices label the valence particles, and 15 in-
dependent double-kernel configurations of the form

Ka Kb ↔
{
K12 K34 , K12 K35 , K12 K45 ,

K13 K24 , K13 K25 , K13 K45 ,

K14 K23 , K14 K25 , K14 K35 ,

K15 K23 , K15 K24 , K15 K34 ,

K23 K45 , K24 K35 , K25 K34

}
.

(5)

By contrast, in a four-body system there are only six
two-body kernels and three double-kernel configurations.

If we now define

K1 :=
10∑

a

Ka , K2 :=
15∑

a →=b

Ka Kb , (6)

one can show that the combination

K = K1 →K2 (7)

FIG. 2. Five-body BSE with two-body kernels and their sub-
traction terms as given in Eq. (7).

is free of overcounting, i.e., each possible monomial of
the Ka appears exactly once and with coe”cient 1 in
the scattering matrix T (5) = K + K2 + K3 + . . . that
follows from Eq. (2) by iteration, where we suppressed

the propagator factors G(5)
0 for brevity. The resulting

equation is shown in Fig. 2.
Eq. (7) can also be derived as follows. We define the

complementary three-body kernel Ka→ for a given two-
body kernel Ka as

a = 12 : Ka→ = K345 = K34 +K35 +K45 ,

a = 13 : Ka→ = K245 = K24 +K25 +K45 ,
(8)

and so on. Now suppose all interactions between the
subsystems a and a↑ (say, a = 12 and a↑ = 345) were
switched o#. In that case, the full correlation function

G(5) = G(5)
0 +G(5)

0 T (5) G(5)
0 must factorize into the prod-

uct Ga Ga→ . Suppressing again the propagators in the
notation, we have

G(5) = 1 + T (5) !
= Ga Ga→ = (1 + Ta)(1 + Ta→) (9)

↗ T (5) = Ta + Ta→ + Ta Ta→ . (10)

Here, Ta and Ta→ are the scattering matrices for the
two- and three-body subsystems, which satisfy scattering
equations analogous to Eq. (2) (written symbolically):

Ta = Ka (1 + Ta) =
Ka

1→Ka
,

Ta→ = Ka→ (1 + Ta→) =
Ka→

1→Ka→
.

(11)

Plugging Eq. (11) into (10) yields

T (5) = K (1 + T (5)) =
K

1→K
(12)

with K given by K = Ka + Ka→ → Ka Ka→ . This is just
Eq. (7) if the interactions between the clusters (12) and
(345) are switched o#, because in that case the kernels
K1 and K2 in Eq. (6) reduce to

K1 = K12 +K34 +K35 +K45 ,

K2 = K12 (K34 +K35 +K45)
(13)

and thereforeK1→K2 = Ka+Ka→→Ka Ka→ for a = 12 and
a↑ = 345. Since this relation holds for any combination
of clusters aa↑, Eq. (7) is the full two-body kernel.

Pentaquarks: Calculation of  5-body ground and excited states & 
consistent 2-, 3-, and 4-body equations. 
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n S0 P 2 ωi p21 . . . p
2
n M Total Indep.

2 1 1 1 → → 3 3
3 1 1 2 2 → 6 6
4 1 1 3 3 2 10 10
5 1 1 4 4 5 15 14
6 1 1 5 5 9 21 18

n 1 1 n→ 1 n→ 1 n(n→ 3)/2 n(n+ 1)/2 4n→ 6

TABLE I. Sn multiplet counting for an n-body system [43],
see text for the discussion.

an (n → 1)-dimensional multiplet of Sn. The variables
p21 . . . p

2
n form another (n → 1)-plet, with their sum be-

ing constrained by S0. In total there are n(n + 1)/2
Lorentz invariants, so the di!erence n(n→ 3)/2 gives an-
other multiplet (denoted by M in Table I). For example,
a two-body system forms two singlets (q2 and P 2) and
an antisinglet (q ·P ). A three-body system gives two sin-
glets (S0 and P 2) and two doublets [47, 48], and a four-
body system two singlets (S0 and P 2), a doublet and
two triplets [49]. For five-body systems one also encoun-
ters for the first time the dimensional constraint relating
the Lorentz invariants, because n four-vectors can only
depend on 4n→ 6 independent variables.

While a system depending on such a large number of
variables is extremely costly to solve numerically, the Sn

construction allows one to switch o! entire multiplets
without a!ecting the symmetries of the system. This is
especially useful for constructing approximations where
one singles out the multiplets with the largest impact on
the dynamics. Previous solutions of two-, three- and four-
body systems show that the dependence on the angular
variables ωi is usually small or even negligible [11]. Sim-
ilarly, Bose-symmetric n-point functions like the three-
and four-gluon vertex, which are obtained from Table I
by setting P 2 = 0 and all ωi = 0, show a planar degener-
acy and depend mainly on S0 [47, 50–53].

The crucial observation from four-body systems is that
the BSE dynamically generates intermediate two-body
poles in the solution process. Specifically, a four-quark
(qqq̄q̄) equation in QCD produces intermediate meson
(and diquark) poles and thus dynamically creates reso-
nance channels. In the four-body system these poles only
appear in the doublet M, so that the dynamics is largely
determined by S0 and M. In a five-body system, on the
other hand, there are 10 possible two- and three-body
configurations aa→ = (12)(345), (13)(245), . . . which are
distributed over the quartet and quintet. Together with
S0, one would thus still need to include 10 variables in
the BSE to capture the important dynamics.

Given that the leading momentum dependence of the
amplitude beyond the singlet variable S0 comes from the
two-body and three-body clusters, here we follow a more
e”cient strategy that has been developed in the four-
body case [13, 54, 55]: We reduce the momentum depen-
dence to S0 but include the two- and three-body poles

explicitly. The resulting amplitude then reads

#(q, p, k, l, P ) ↑ f(S0)
∑

aa→

Paa→ , (25)

where e.g. for aa→ = (12)(345) the two- and three-body
poles of the amplitude are given by

P(12)(345) =
1

(p1 + p2)2 +M2
M

1

(p3 + p4 + p5)2 +M2
B

.

Here, MM and MB are the masses of the two- and three-
body subsystems (‘mesons’ and ‘baryons’), respectively.
When plugging this ansatz into the five-body equation
(18–19), the resulting dressing function f(S0) depends
only on S0. In this way, the pole ansatz e!ectively cap-
tures the dependence on the remaining variables which
is dominated by these poles.
In turn, this procedure requires knowledge of the

bound-state masses MM , MB of the two- and three-body
equations in the same approach. We solve these equa-
tions in a sequence by employing tree-level propagators
for scalar constituent particles with mass m and a ladder
approximation for a boson exchange with mass µ:

D(p) =
1

p2 +m2
, K(pa1 , qa1 , pa2 , qa2) =

g2

r2 + µ2
,

(26)
where r is the exchange momentum according to Eq. (20).
We consider equal constituent masses for simplicity, but
the generalization to unequal-mass systems is straightfor-
ward. In the following we employ a dimensionless cou-
pling constant c and mass ratio ε via

c =
g2

(4ϑm)2
, ε =

µ

m
, (27)

so that all results only depend on c and ε while the mass
m drops out.
The details on the two-, three-, four- and five-body

equations for the scalar theory are provided in the supple-
mentary material. In the following we distinguish three
approximations when solving these n-body equations. A
‘full solution’ refers to solving the respective BSE with-
out any further approximations on the kinematics in the
amplitude. At present, this is numerically only feasible
for the two- and three body equations. The ‘singlet ↓
pole’ approximation refers to Eq. (25), with explicit two-
and three-body poles for the five-body equation (‘mesons’
and ‘baryons’), and two-body poles for the three- and
four-body equations (‘mesons’ or ‘diquarks’). Finally, the
‘singlet approximation’ refers to Eq. (25) without a pole
ansatz, i.e., #(q, p, k, l, P ) ↑ f(S0), which will be used for
comparisons. These approximations are similar in spirit
to cluster-type models, see e.g. Refs. [56–63]. However,
as discussed above, the internal poles would also appear
dynamically if these approximations were dropped, as ex-
plicitly demonstrated in Ref. [11]. Moreover, since we
started from the general n-body equations, one can al-
ways relax these approximations and go back to the more
complete system, although this would come at the price
of a significantly higher numerical cost.

Lorentz invariants can be arranged into 
multiplets of the permutation group S5,
 namely two singlets, two quartets and a
quintet

two-body system forms two singlets (q2 and P2) and an antisinglet (q·P).
 three-body systems give two singlets (S0 and P2) and two doublets.
four- body system form two singlets (S0 and P2), a doublet and two triplets .
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FIG. 1. Five-body Bethe Salpeter equation with two-, three-,
four- and five-body kernels.

At a given bound-state or resonance pole with mass M ,
it assumes the form

T (5) →↑ !(5) !(5)

P 2 +M2
, (3)

where !(5) is the charge-conjugate amplitude. Compar-
ing the residues on both sides of the equation yields the
homogeneous equation (1).

In the following we neglect irreducible three-, four- and
five-body forces, so that the resulting kernel consists of
irreducible two-body interactions only. We will denote
this two-body kernel by K and assume that K(5) ↓ K.

B. Subtraction diagrams

Like in the case of the four-body equation [44–46], a
naive summation of two-body kernels leads to overcount-
ing in Eq. (2) and one needs subtraction terms. In a
five-body system there are ten possible two-body kernels

Ka ↔
{
K12 , K13 , K14 , K15 , K23 ,

K24 , K25 , K34 , K35 , K45

}
,

(4)

where the indices label the valence particles, and 15 in-
dependent double-kernel configurations of the form

Ka Kb ↔
{
K12 K34 , K12 K35 , K12 K45 ,

K13 K24 , K13 K25 , K13 K45 ,

K14 K23 , K14 K25 , K14 K35 ,

K15 K23 , K15 K24 , K15 K34 ,

K23 K45 , K24 K35 , K25 K34

}
.

(5)

By contrast, in a four-body system there are only six
two-body kernels and three double-kernel configurations.

If we now define

K1 :=
10∑

a

Ka , K2 :=
15∑

a →=b

Ka Kb , (6)

one can show that the combination

K = K1 →K2 (7)

FIG. 2. Five-body BSE with two-body kernels and their sub-
traction terms as given in Eq. (7).

is free of overcounting, i.e., each possible monomial of
the Ka appears exactly once and with coe”cient 1 in
the scattering matrix T (5) = K + K2 + K3 + . . . that
follows from Eq. (2) by iteration, where we suppressed

the propagator factors G(5)
0 for brevity. The resulting

equation is shown in Fig. 2.
Eq. (7) can also be derived as follows. We define the

complementary three-body kernel Ka→ for a given two-
body kernel Ka as

a = 12 : Ka→ = K345 = K34 +K35 +K45 ,

a = 13 : Ka→ = K245 = K24 +K25 +K45 ,
(8)

and so on. Now suppose all interactions between the
subsystems a and a↑ (say, a = 12 and a↑ = 345) were
switched o#. In that case, the full correlation function

G(5) = G(5)
0 +G(5)

0 T (5) G(5)
0 must factorize into the prod-

uct Ga Ga→ . Suppressing again the propagators in the
notation, we have

G(5) = 1 + T (5) !
= Ga Ga→ = (1 + Ta)(1 + Ta→) (9)

↗ T (5) = Ta + Ta→ + Ta Ta→ . (10)

Here, Ta and Ta→ are the scattering matrices for the
two- and three-body subsystems, which satisfy scattering
equations analogous to Eq. (2) (written symbolically):

Ta = Ka (1 + Ta) =
Ka

1→Ka
,

Ta→ = Ka→ (1 + Ta→) =
Ka→

1→Ka→
.

(11)

Plugging Eq. (11) into (10) yields

T (5) = K (1 + T (5)) =
K

1→K
(12)

with K given by K = Ka + Ka→ → Ka Ka→ . This is just
Eq. (7) if the interactions between the clusters (12) and
(345) are switched o#, because in that case the kernels
K1 and K2 in Eq. (6) reduce to

K1 = K12 +K34 +K35 +K45 ,

K2 = K12 (K34 +K35 +K45)
(13)

and thereforeK1→K2 = Ka+Ka→→Ka Ka→ for a = 12 and
a↑ = 345. Since this relation holds for any combination
of clusters aa↑, Eq. (7) is the full two-body kernel.
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(a) Bethe-Salpeter Equation

(b) Considered contributions to the 4→point function. From
left to right: quark exchange, diquark exchange, meson ex-
change t→ and u→channels.

Figure 1: (a) Bethe-Salpeter equation (BSE) and (b) the
4→point function that goes into its Kernel, within the
approximations discussed in the text. ! is the deuteron
amplitude, ” and ”̄ are the nucleon amplitude and its
conjugate, respectively. Single lines are quark propaga-
tors, double lines are diquark propagators, triple lines are
nucleon propagators and dashed lines are meson propaga-
tors. The circles correspond to propagators at o!-mass-
shell momenta integrated in the loops.

III. RESULTS

The top panel of Fig. ?? shows the results of the
inverse of the BSE eigenvalue ω as a function of the
deuteron mass. The eigenvalue crosses the physical
bound state line ωi = 1 below the threshold of mD =
2mN , with mN = 0.939 GeV. By fitting a cubic func-
tion to the curve, we obtain then a deuteron mass of
mD = 1.868 GeV. This value is within 1% of the experi-
mental value. This is remarkable, given the extreme can-
celations between kinetic and potential energies known
from non-relativistic calculations. The small deviation is
attributable to numerical uncertainties due to the com-
putational cost of Kernel evaluation number the number
of momentum grid points used. The bottom panel of Fig.
?? shows that the eigenvalues for the first and second ex-
cited states on the bottom do not cross the line ωi = 1 for
mD < 2mN . Therefore, no deuteron excited states were
found below the nucleon-nucleon threshold, aligning with
experimental data. The first and second excited states
are so far away from the ωi = 1 line, that this conclusion
is free of numerical uncertainty.

(a) Ground state.

(b) Ground state, first and second exited states.

Figure 2: Inverse of the eigenvalue as a function of the
deuteron mass for all considered exchanges. The top
panel plot shows only the ground state while the bottom
panel shows the first and second excited states results.

Fig. ?? shows the found eigenvalues for the ε and ϑ
exchange terms of the Kernel. This analysis of the in-
dividual meson exchange contributions shows that the
ϑ meson exchange dominates, contrary to expectations
from non-relativistic quantum mechanics, where pion ex-
change is typically larger. This discrepancy may relate
to the recent possibility of a tetraquark configuration for
the ϑ meson [Heupel2012] which would suppress the
contribution by implying a larger number of loops in the
4 point function diagram. Furthermore, while t-channel
meson exchanges in both meson exchanges produce the
largest eigenvalues, the u→channel exchanges , decreas-
ing the eigenvalue for the sum, introducing repulsion.

In Fig. ?? we show the separate e!ects of quark, di-
quark and meson exchanges and their cumulative e!ects.
Interestingly, quark and diquark exchanges largely neu-
tralize each other, suggesting that short-range QCD ef-
fects e!ectively cancel, leaving the hadronic ε and ϑ ex-
changes to dominate. This reinforces the success of phe-
nomenological models that rely solely on nucleons and
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FIG. 3. Ground-state masses obtained from the n-body BSEs
for ω = 4 and di!erent values of the coupling c. The two- and
three-body results (solid curves) are full solutions, while the
four-and five-body results (dashed curves) are obtained in the
singlet approximation. The squares show the regions where
ground-state solutions are possible.

III. RESULTS

In the following we present our solutions of the two-,
three-, four- and five-body equations in the setup de-
scribed above. In practice the BSEs turn into eigenvalue
equations of the form

ωi(P
2)!i(P

2) = K(P 2)!i(P
2) , (28)

where P 2 → C is the total five-body momentum squared,
K(P 2) is the kernel and the !i(P 2) are its eigenvectors
with eigenvalues ωi(P 2) for the ground (i = 0) and ex-
cited states (i > 0). If the condition ωi(P 2) = 1 is sat-
isfied, this corresponds to a pole in the scattering ma-
trix at P 2 = ↑M2

i and determines the respective mass
Mi. All results depend on two parameters, the coupling
strength c and the mass ratio ε. We cross-checked our
results with the literature; our two-body solutions agree
with those obtained in Refs. [31, 37] and our three-body
solutions with those in Ref. [40].

Fig. 3 shows the variation of the ground-state masses
M0 obtained from the two-, three-, four- and five-body
equations with the coupling strength c at a fixed value
ε = 4. One can see that for each system a ground state
only exists within a certain range of the coupling. If
the binding is too weak, the mass exceeds the respective
threshold, and the bound state will turn into a resonance
or virtual state on the second Riemann sheet. If the
binding is too strong, the squared mass M2

0 becomes neg-
ative and the bound state turns into a tachyon (see [37]
for explicit examples). The latter property is presum-
ably an artifact of the ladder approximation: Because
the propagators remain at tree level and the three-point
interaction vertices are constant, the coupling strength

FIG. 4. Coupling ranges where n-body ground states are
possible shown for di!erent values of ω. The horizontal dis-
placement is for better readability. The color coding is the
same as in Fig. 3. The black rectangles for small ω values are
the regions where all solutions coexist.

c only enters as an overall factor on each ladder kernel.
In more advanced truncations where the n-point func-
tions in the kernel are solved from their Dyson-Schwinger
equations, the masses Mi(c) would eventually approach
constant values; see [64] for a corresponding study of the
scalar two-body equation.
The lower coupling limit, below which the states be-

come unbound, implies that below certain values of c not
all ground states can coexist. For example, in Fig. 3 the
three-body equation displays a Borromean behavior for
c ↭ 5.5, i.e., it admits a ground state while there is no cor-
responding two-body ground state. Similarly, for c ↭ 3
the five-body equation admits a ground state while there
are no two-, three- or four-body ground states. Fig. 4 dis-
plays the resulting coupling ranges for varying values of
ε. The coexistence regions are shown by the black rect-
angles and only exist for small ε values (ε ↭ 0.5). For
higher values of ε the five-body system becomes Bor-
romean, i.e., there is a five-body ground state without
corresponding two- and three-body ground states.
In Fig. 5 we also show the radially excited states Mi>0

from the three-, four- and five-body solutions. For the
extraction of the excited states we use an implementation
of the Arnoldi algorithm [65].
As a consequence of the Borromean behavior, the five-

body equation can dynamically generate two- and three-
body ground-state poles only in the coexistence region.
Outside this region, these poles would correspond to res-
onances or virtual states. Thus, the pole ansatz (25) can
also only be sensibly applied in the coexistence region,
which is why in Figs. 3, 4 and 5 we used the singlet ap-
proximation for the four- and five-body equations.
To go beyond this approximation, we must choose val-

ues of ε and c inside the coexistence region. This is done

Pentaquarks: Calculation of  5-body ground and excited states & 
consistent 2-, 3-, and 4- body states. 

• mD = 1.868 GeV, less than 1% below Exp. value
• no excited states
• cancellation of quark and diquark exchanges 
confirms effective baryon- meson degrees of freedom
as the appropriate in low-energy physics


