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Introduction

Extremal black hole formation as a critical phenomenon

Proof of new regime of

Christoph Kehle** and Ryan Unger' critical collapse:
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Critical solution is an
extremal RN black hole

Conjecture:

Extremal critical
collapse happens for
charged scalar field

- e e . oy,

-

1.5 Extremal critical collapse of a charged scalar field and in vacuum

It is natural to conjecture the analog of Theorem 1 for a massless charged scalar field in spherical symmetry:

Conjecture 4. Extremal critical collapse occurs in the spherically symmetric Einstein—Maxwell-charged
scalar field model and there exist critical solutions which are isometric to extremal Reissner—Nordstrém in
the domain of outer communication after sufficiently large advanced time.

In [KU22|, the present authors showed that a black hole with an extremal Reissner—Nordstrom domain
of outer communication and containing no trapped surfaces can arise from regular one-ended Cauchy data
in the spherically symmetric charged scalar field model (see Corollary 3 of [KU22|). The proof is based on
a characteristic gluing argument, in which we glue a late ingoing cone in the interior of extremal Reissner—
Nordstrom to an ingoing cone in Minkowski space. The desired properties of the spacetime are obtained
softly by Cauchy stability arguments. In particular, the method is inadequate to address whether the solution
constructed in [KU22, Corollary 3] is critical.

It is also natural to conjecture the analog of Theorem 1 for the Einstein vacuum equations,
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Field Equations

Einstein-Maxwell-Klein-Gordon System: 3+1 Decomposition
D, D =0 op = all+ B'®; + iqpg
Charged SF 0;P; = I1ojx + wo, 11T+ ijafﬁj + ,Bjajd),- + iq¢oip + iqgoCI),-

with Dg: =V, + iqA, L = BOII + aKIl+ (@0 + adi) — & OTK,dp) + ig(an O A0 — IT).

Va:]:'ab — _47.[]b atAi = —DéEi — DI(p + ﬁJa]Al -+ A]alﬁ],
Maxwell Eqs v_Frab — O:E' = PO;E' — E/0;B' +aKE' + (3 x aB)' — 4maj',
¢ B = pio.B' — BId,f + aKB' — (3 x aE)’,
L 1
Einstein Eqs Ryp — ERgab = 8T,y
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Numerical Implementation: B

Pseudospectral
[T Central box . . . .
— Teansition shell Derivatives are calculated with all points
[ Outer shell
' Multidomain

Domain is divided in patches, where

i R e each patch solves its own initial
A boundary value problem
2
A Full 3D code
I_ I Cartoon method is used for reductions

[Hilditch et al. arXiv:1504.04732v2] In symmetry cases
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Numerical Implementation: BA

Metric
- \
Jab » Labc 9ab » Labe
Maxwell Complex Scalar Field
Project Project
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Numerical Implementation: BAM

Maxwell
Project

Yab » l_‘abc

Metric

A,
[
e

Ja

Charged-matter
interface

Jab » Labe

Complex Scalar Field
Project
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Numerical Implementation: BA

Metric
Tab Tab
Yab »Lape 9ab » Labc
Aq
Maxwell —— Complex Scalar Field
Project : Project
. . Ja
New evolution variable (®)4; RHS and reduction
Electric potential as a static function Charged-matter variables are changed

interface
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Numerical Implementation: BA

- O S S S S S e .y

~

Maxwell
Project

New evolution variable (®)4;

Yab » l_‘abc

Electric potential as a static function

Only have results for this part yet

Metric

A,
[
e

Ja

Charged-matter
interface

Jab » Labe

Complex Scalar Field
Project

RHS and reduction
variables are changed
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Results and Future work

The implementation of the vector

i i, — I _ pi_
potential A4 introduces a new constraint: Curl constraint Ga:= (D XA) =B =0

Simulations

EM dipole in flat background RN black hole with fixed background
« Error with exact solution and G, » Error with exact solution converges
converges exponentially exponentially

« But G4 grows exponentially with
resolution and in time

* Implement constraint damping for G,

Future work: * Follow similar procedure for charged scalar field

» Do critical collapse for charged scalar field
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3 + 1 Decomposition

g = —aVt n — unit normal vector to X,
1 a — lapse
n = —(9y — ﬁiai)a f — shift
«
b3
'rab = Jﬂb + ngn? Projection operator !
2,
2,
w® = Byt 4 nbuw,n® Decomposition of
4-vector y

[

[Baumgarte and Shapiro. “Numerical Relativity”]
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Penalty method

A PDEs system is well-posed if there exists a unique solution that depends

Well-posedness continuously on the initial data. Equivalent to being stronly hyperbolic.

o;u = AFd,u + Bu If this is strongly hyperbolic, then for every spatial vectors P° = A° = APs
p p

has real eigenvalues & complete set of eigenvectors

boundary characteristic var in next patch

Characteristic variables | \ U m=) [, areleft-eigenvectors of PS with eigenvalue
are travelling waves
( __________________________________________________________ \
|
| Penalty method Force outgoing charcteristic I
L R . . . . I
| Change rhs at atu—(atu)Q 4 pA(u uBC)®( A) var to be incoming :
!
: !
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Electromagnetic dipole In flat bac
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Both converge exponentially with resolution.

Gy and Gy also converge.
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Electromagnetic dipole In flat backg
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FIGURE 5: Convergence of two error norms as function of time t with the number of collocation
points n for an electromagnetic dipole with flat background. Left: Norm of G¢. Right: Norm of
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Electromagnetic dipole in flat backe
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FIGURE 2: Snapshots of (3) Ay at different evolution times in the x axis. Initial data is not shown
as (3)Ay(t = 0) = 0. The whole evolution domain is not plotted, which actually goes to x = 20.
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Reissner-Nordstrom BH in fixed
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Reissner-Nordstrom BH in fixed

Probably need to add constraint

g ) [Lee Lindblom et al. arXiv:gr-qc/0512093]
damping to equations
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Reissner-Nordstrom BH in fixed bac
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FIGURE 6: Convergence of two error norms as function of time t with the number of collocation
points n for a Reissner-Nordstrom with fixed background. Left: Norm of G¢. Right: Norm of
the curl constraint Gg.
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Reissner-Nordstrom BH Gauge cha

Decomposition of A in Kerr-Schild coords Gauge change A — A+dy

HZ
Prew = (1 1o HZ) +B'0rx = Poia + B'Orx

a
At = 'y“bAb +n'nfA, = A7+ %q)

rPH?> 1 1 )

_Q
Pold = 1+1—|—Hr—r+r—r_

X=CiIn(r—r+)+C_In(r—r_)

,r- T TT-TTT T = ====== S __1 Q3
Lo Q(, H ‘. T2 MME /M- Q)
| =7 1—H2 :
|
o oon ' o1 A
B)g - X l Pnew — — 717
LA rl—H(1+HdT+dr) ! r1+H
\ s i
o | t ; (3)A;1ew _% — (S)A?ew — Qr;C
ingular at r_and r,
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