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The electron-positron annihilation

Figure: Lowest Order diagram?! for the QED - et + e~ — put + u~

> et +e = put+pu;
» From the Diagram:

Mi = [7(p2) e )ulpa)] %5 [3(p3) i) (pu)]

e2

=2 [7(p2)7" u(po)] [E(p3)vuv (Pa)]

M. Thomson, Modern Particle Physics, Section 6.2




The electron-positron annihilation

4
M2 = ; [7(pa)y" u(pr)] [8(p3) ()]

[7(p2)7" u(p1)]' [@(ps )y (pa)]

» For two spinors, 1) and ¢ we have that?:
- T 1 _
[Py )" = [W’Y%“ﬁb} = @Iy = ¢l 0 0pTn Oy = Gyt

4

2= ; [7(p2)7" u(p)] [E(p1)Y" v(p2)]

= | Mg

[@(p3)vur(pa)l [7(Pa) e u(ps)]

2Note that 4°7° = 1 and %#1~0 = 4#



Spin Sums - Unpolarized Case
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The four possible helicity combinations in the e*e~ initial state.
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Figure: Possible helicity combinations for the initial state3

» The final state of "™ also has 4 possible helicity states.
Thus, there are 16 possible orthogonal helicity states.

3M. Thomson, Modern Particle Physics, Section 6.2.1



Spin Sums - Unpolarized Case*
» No polarization — All initial states are equally probable — %

1
(IMg|?) = 3 (IMrg[? + Mg + [Mig|? + ML)
1
=1 (|/V/RR—>RR\ + [Mggrosre> + - + |MrisRrr|? + )
= (|Mal) Z |MJ?

splns

4
(IMg[?) = 4%4 > [ () ut (P [@°(Pa)y v (p2)]

Z[aS’(ps)wf’(m)][ (o) o ()]

s’ r

= ﬁl(‘e”) Eﬁf,ﬂ)

4M. Thomson, Modern Particle Physics, Section 6.2.1 and 6.5.2



Spin Sums and Trace Formalism®

ot = Z[u P2y u* (pL)] [T (1)1 (p2)]

2
= 3 [FHpafpu(p0)] 1831 ko))
s,r=1
2
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s=1

®M. Thomson, Modern Particle Physics, Section 6.5.2



Trace Formalism and Completeness Relations
The Completeness Relations are as follows®:
> 30 usls = (Yppu+ml) =p+m;
> 23:1 vy = (Yppy—ml)=p—m.
Replacing these in the previous expression:

2
& Ly = [Z v(P2)77 (P2) | 7 [Z Uf(pl)ﬂi(pl)] Ynm

s=1
= (p2 — m)mj’in(pl + mM)inYm
= [(p2 — m¥"(P1 + M)V ] m
= Tr{(p2 — m)y"(p1 + m)7"]

= £0) =3 7 (pa)” (pa)] |7 (o) 7 (p3)

S,,r,

= Tr[(p3s + M)v.(ps — M), ]

®M. Thomson, Modern Particle Physics, Section 6.5.1



Spin Sums and Trace Formalism

Putting everything together we get:

4
€ v
(M%) = g £l L

e4

s Tr[(p2 — m)v*(p1 + m)y"] Tr[(p3 + M)yu(Pa — M),



Trace Theorems’

The full set of trace theorems, including those involving

7= /70717273

Tr(l) =

The trace of any odd number of ~-matrices is zero

Tr(y#y") = 4g"

Tr(yHy"yy7) = 4gh gl” — 4ghrg”? + 4ghog"”

The trace of v° multiplied by an odd number of y-matrices is

zero

Tr(y®) =0

7. Tr(¥y"y") =0

8. Tr(y>yH 4" yP~7) = 4ielVP?, where €#VP7 is antisymmetric
under the interchange of any two indices.
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M. Thomson, Modern Particle Physics, Section 6.5.3



The electron-positron annihilation

4
€ v
(IMg|?) = yy Tr [(p2 — m)y*(p1 + m)Y"] Tr [(p3 + M)vu(Pa — M), ]
» | will be working in the limit where m, = 0:

4
e v
(IMg)?) = WTr [P27*P17"] Tr [(p3 + M), (pa — M)v,]



The electron-positron annihilation

Tr [p27"P17”] = Tr [V P2o 7" P1o7"] = P2pP1o TF [V Y*77"]
= 4ppp1s (8787 — g7 8" + g™ g"’]
= 4[p2,8""' P1o8°" — P2p8"° P1o8"" + P2p&"" P158"7]
= 4[phpY — g (p1- p2) + Pspi] = 4Tn

Tr[(p3 + M)yu(pa — M)v] = Tr[(P3v. + M7.)(Pavy — M)
= Tr[p3vuPaty] — M Tr [p3y,70] + M Tr [yupays] — M2 Tr [v,7]
= Tr[p3vuPays] — M2 Tr [y,

= 4 [p3Pav — Guv(P3 - Pa) + P3uPay — MPgu| = 4Tn



The electron-positron annihilation

Try X Tra = [pypy — &""(p1 - p2) + P3P
X [P3uPay — &uw(P3 - Pa) + P3vpay — Mg
= Db P3Py Pav — Ph Py 8w (P3 - Pa) + Pb Paupy psy — M?phpi g
— p3uPa 8™ (p1 - p2) + 8" g (p1 - p2)(p3 - pa)
— 8" paupan(p1 - P2) + M?g" 8 (p1 - P2) + P5 pav ) P3u
— P3P 8 (P3 - Pa) + P5 P3P pay — M?p5 b g
= 2(p1 - pa)(p2 - P3) + (1~ p2)(p3 - pa) [4 — 4]
+2(p1 - p3)(p2 - pa) + M?(p1 - p2) [4 — 2]

& T x Tra = 2(p1- pa)(p2- p3) +2(p1 - p3)(p2 - pa) +2M?(p1 - p2)



The electron-positron annihilation

4
€ 14
(IMg|?) = ad [P27"P17"] Tr [(p3 + M) (Pa — M),

4 4

e 4e
= rq44Tr]_4TrQ = ?Tr]_ X Tr2

But ¢° = (p1+ p2)? = m2 +m2+2(p1 - p2) =~ 2(p1 - p2), therefore:

4e*
5 Tr1 X Tr2

4(p1 - p2)
(p1- pa)(p2- p3) + (p1- p3)(p2 - pa) + M?(p1 - p2)
(Pl : Pz)2

(IMg[?) =

= 2¢*




What If It Is Polarized??7?

Lets consider the case where both the electron beam and the
positron beam can be polarized then, in the calculation of (|M|?)
we must consider a weight factor in the sum.

‘ Mfl Z Wsplns| M|
spins

lj:P
.l am

Where wqpins = a,ﬂj and aR/L = 5R/L =

—N,
considering P = NR+NL

(IMP) =

4 [T 2 2
= % ”Z 5r1/rrn(P2)5f(P2)] Vi [Z asuis(Pl)E’fr(pl)] %V,m] ﬁﬁfﬁ)
r=1
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