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QED Calculations

How to calculate a cross section using QED (e.g e ™ — e pu™):
@ Draw all possible Feynman Diagrams

® For e~ — e~ pu~ there is just one lowest order diagram+ many
second order diagrams + ...

2 e

f k
¥ r
® For each diagram calculate the matrix element using Feynman rules
©® Sum the individual matrix elements (i.e. sum the amplitudes)

M=Mi+ Mo+ Ms+...

® Note: summing amplitudes may interfere constructively or
destructively!
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@ Square the matrix element (this gives the full perturbation expansion

in Qem):
IMg2 = (M1 + Mo+ Mz + .. )M+ M+ M +...)

® For QED aem ~ 1/137 so the lowest order diagram dominates and
higher orders can often be neglected

2 2
f f
3 A
K I
2 2 2
IM|” < agp, IM|? o o,

O Calculate decay rate/cross section using formulas we have derived in
previous classes
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e u~ — e pu~ Scattering

% Consider the process: e u~ — e~ u~

® In the center-of-mass (E > m)

-
frame: .
pr=(E00,p) p=(E00,-p) o _*h o 2 .
ps = (E, pr) ps = (E, —pr) A P

p

® Only consider the lowest order
Feynman diagram, the Lorentz-
invariant Matrix Element is:

2
e _ —
My = _? [uP37MuP1] 8w [UP47VUP2]
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Electron and Muon Currents

® The matrix element can be written in terms of the electron and muon

currents : e, Y
M = ~ 2B

where j&) = Up, Y up, and jé’#) = Up,Y" Up, are 4-vector currents.

® The photon momentum is ¢ = p3—p1 o )

giving ¢° = (p3 — p1)> = t

e, .
M = — Tf(e)gw/f(u)

e Matrix element is a four-vector scalar product, confirming it is
Lorentz Invariant
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Spin in e" = — e~ p~ Scattering

® To calculate the ey~ — e~ ™ cross section, the matrix element of
needs to be evaluated considering the possible spin states of the
particles involved.

® There are four possible helicity configurations in the initial state, and
four possible helicity configurations in the final state. :

> _ _=> 2> < «_ _-> <« <

L= N L o <« e e —— M
RR RL L LR

2 2" re o

> A A &
7. 7. 7. 7.

® In total there are 16 combinations e.g. RL—RR, RL—RL, ....

1 1
(IMP?) = 2 > M = 7 (|MLL—>LL|2 + [Mioirl® +. )

Spins

s » M M
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Helicity States in C.0.M. Frame

¢ In the C.0.M. frame (E > m):
p1 = (E,0,0,E); p2=(E,0,0,—E) L]

ps = (E, Esin6,0, E cos0); & >, & - »
ps = (E,—Esin6,0,—E cos ) A -

e Left-and right-handed helicity spinors for particles/anti-particles are:

c —s Bl s Bl

is is E+m §+mc
e'’s e'%c Pl gi¢c Pl gig g
u=VE| g u=VE| g vi=VE | Etm vy =VE | Eim
5 i i o
Bl_ip _ _1Bl_gi¢ i i
grmel’s Ermelc —el®c —e?s

where s = sin(0/2), ¢ = cos(6/2)
® |n the high energy limit E > m :

[ —Ss S c

sei¢ cef‘f’ —ce"d) sei¢

UTZ\/E c Ui:\/E s VT:\/E _s VJ/:\/E _c
seid’ —cei¢ cei¢ —seid’
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e The initial-state e~ can either be in a left- or right-handed helicity
state (6 = 0,¢ = 0) and for the initial state u~ (0 =7, ¢ = 7) we
have respectively:

1 0 0 -1

wp)=VE (| ule)=VE| o | wle)=VE| S| wle=VE| ]

0 -1 -1 0

e Similarly for the final state of e~ (6, ¢ =0) and = (6§ —» 7 — 6,

¢ — )

c —S S —C

ur(ps) = VE [ 2| ulp) =VE| T | wlp)=vVE| | wlp)=vE|

S —C —C S

® Where s = sin(6/2), ¢ = cos(0/2) and we use identities:
sin (77—9) —cose cos (W_tg) —sine em =1
2 ) T2 2 ) T2 B
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The electron Current

® We want to evaluate (ji))” = t(ps)y"”u(p1) for all 4 helicity combinations.

e For arbitrary spinors 1, ¢, it can be shown that the components of 1)y*¢ are:

U’ = Y1 + U3 da + V33 + Uida
Dy o = i da + V303 + V3da + Ui
U2 p = —i(yi da — P33 + V3da — Ui¢n)
U h = s — P3da+ V301 — Yy b2

® Consider the eg eg combination using ¥ = ur(p3), ¢ = ur(p1)

i (p3)7°uy (p1) = 2E cos(6/2),
ir(p3)y'uy(p1) = 2Esin(6/2),
ir(p3)y*uy(p1) = 2iE sin(6/2),
B (pa)yuy (pr) = 2E cos(6/2).

up(ps) = VE u(p) = VE

0w 0 u 0
OO
1
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So, the four-vector eletron current for the RR combination is:

j(’g? = Tp(p3)y up(p1) = 2E(cos(0/2),sin(6/2), isin(0/2),cos(6/2))

Doing the same for the other 4 helicity combinations we obtain:

Jey = Tr(p3)y”ur(p1) = 2E(c, s, is, c)
i = (P37 uy(pr) = 2E(c, s, —is, €)
Jiey = tr(p3)y”u(p1) = (0,0,0,0)

Jey = uulp3)y"ur(p1) = (0,0,0,0)

where s =sin(6/2), ¢ = cos(0/2)

® In the limit where E >> m only two helicity combinations are non-zero!
e This is an important feature of QED.

® From 16 possible helicity combinations only 4 give non-zero matrix
elements
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The muon current

¢ Recall that for the initial and final x~ state we have (0 =7, ¢ = )
and (0 -7 —0, ¢ — m):
0 -1 s —c
S owe)=VE| S| we=VE| | wip)=VE|
0

0
-1 —c s

ur(p2) = VE

® We can obtain ji, just like we did for ji
and we are left with:

J'(Fﬁ;’ =Tp(p3)y  ur(p1) = 2E(c, —s, is, —c) . :;/% - -;/% .
JES =Ty (ps)y” uy(p1) = 2E(c, —s, —is, ) § o )
JGh = wrps)uy(p1) = (0,0,0,0) < K e
JEB =Ty (p3)7” ur(pr) = (0,0,0,0) ﬂ-/ f/
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Matrix Element Calculation

® We can now calculate My = —e—:j(e).j(u) for the 4 possible helicity
combinations.

® e.g the matrix element for eg g — egpig:
2
e
MRr—rR = MRgr = Jé’fja’)?
= —7 [2E(c, s.is, c)] - [2E(c, —s, is, —c)]

2
e
= —?4E2 [C2 + 52452+ Cz} (Minkowski dot product)
2
_ &R a2t 20 _
= t4E X 2 (since sin 5 Tcos 2_1)
2

= —%25 (s=(2E)?in c.o.m. frame)
° Similarly: [Mggl?> = M ]> = (——25)
IMgL|? = [Mg|? = (—%25) cos? 4
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Differential Cross Section

® The spin-averaged matrix element for the process ey~ — e~ is
given by:  ([Mg[?) = 3 x (IMgr[* + [Mge|? + [Mir[* + My )

® The cross section is obtained by averaging over initial and summing over
final spin states:

do 1 pt
dQ  64n2s p;

1 1 e\’ 2 \° ,0
64725 {2 (—?25) +2 (—?25) cos 5

= — X

4

2e*s? 1 0

_ 1 201
2 " 6anZs ( +cos 2)

<|Mf,|2> ( pi = pf = E in the C.o.M)

do 202 1+ 3(1+cosf)?
dQ s (1 — cos6)?

'where we use t = —ssin® § = —s x (1 — cos0)/2 in the c.o.m. frame and
a=e/ar.
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Lorentz-invariant form

® The matrix element is Lorentz invariant, but since it is currently
expressed using the scattering angle in the C.o.M. frame, we seek a
frame-independent form:

(IMaf?) = 5 (1Ml + [Mec > + Mgl + My P) .o

4.2 i e

:2et725<1+coszg> ¥ Dy & —
Pa
® In the C.o.M. frame (me ~ m, ~ 0): m

p1=(E,0,0,E); po=(E,0,0,—E)) s=(p1+p2)>=2p1 p2=4E>
p3 = (E,Esin0,0, E cos0); t=(p1— p3)? = —2p1 - p3 = —4E>(1 — cosh)
ps = (E,—Esin6,0,—E cos0) u=(p1— pa)?=—2p1-ps = —4E%(1 + cost)

*Valid in any frame

(P p2)? +(Pr-pa)® _, a2+
(p1 - p3)? t2

(IMg|?) = 2¢*
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The End
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