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• Considering change under local Lorentz transformations
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• This observation has profound consequences
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contain R → resummation

[Fukushima, Flachi, PRL 113, 091102 (2014)]



3

Morphological Deformations

Space-Time GeometryTwo-fold motivation

A B
~�1~�2

~�3

�u1�u2

�u3



(2015)

4

A thus Pandora’s box is opened
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A curved QFT description of graphene membranes 
and elastic theory

• QFT Hamiltonian in a curved space arising 
from a metric related to the strain tensor
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In the quest of a 
low-energy description
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—an ongoing story—

[Roberts, Wiseman, PRB 105, 195412 (2022)]

[A. Iorio and P. Pais, PRB 106, 157401 (2022)]
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�avija @i@j Dirac dynamics need correction:

Really?! Might be the case for elastic def.

[Roberts, Wiseman, PRB 106, 157402 (2022)]
No! Both elastic and curved backgrounds

[Morales, Copinger, PRB 107, 195412 (2023)]
Well, time distortions are disease free:)
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Types of deformation of graphene structures 
 
- Disclinations, Stresses, topological defects

Mapping to an effective quantum mechanical system, emergent pseudo-gauge fields may be recognized.

Is there a map from time-dependent curved space geometries to their corresponding 
quantum mechanical system.

Two cases: 1. Adiabatic case 
                   2. Non-Adiabatic high-frequency case
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[Roberts, Wiseman, PRB 105, 195412 (2022)]
Deformations might be tricky:

[Morales, Copinger, PRB 107, 075432 (2023)]



Is it possible to generalize the curved spacetime description to include time dependent 
distortions of the metric? To address this, we specialize on the FLRW background.

Time dependent backgrounds & FNC
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1. No higher derivative corrections. 
2. Time dependent condensed matter setups. 
3. Probe for cosmological models.

Benefits…
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An immediate drawback can be seen in that non-Hermitian terms are present, 
making comparison to an emergent quantum mechanical setting challenging

Particle number conservation in a time-dependent metric
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Problems may be bypassed through careful consideration 
of the curved inner product
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[Castro-Villareal, Ruiz-Sanchez, PRB 95, 125432 (2017)]
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Analogies with electromagnetic setup

Then comparing the above two one can see that for a projection of P+ of a curved space system 
leads to an equivalent electromagnetic system with positive coupling, e. Likewise for projection P_

DeWitt/Schwinger proper time integral

HOW DO YOU MAKE SENSE OUT THE DISPERSION RELATION 
WITH TIME DEPENDANCE?! → Floquet/Magnus expansion



Floquet for graphene
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Periodic Floquet state

Slow varying phase

TSimilar to Bloch Theorem but for time

Floquet engineering is the manipulation of quantum systems through the use of driven external fields 
periodic in time

Under a high-frequency Hamiltonian, an expansion is possible whereby one averages over the period 
giving way to a time-independent effective Floquet Hamiltonian
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effective Floquet Hamiltonian

Evolution operator
Hermitian

Magnus expansion
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Comparison with EM fields setup

A merit of the Floquet approach, in addition to providing a static formulation, is that the 
commutator is now diagonal
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[Morales, Copinger, PRB 107, 075432 (2023)]

Let us illustrate the FLRW case
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1. We demonstrated the emergence of a flat spacetime Hermitian Hamiltonian from its 
curved spacetime counterpart by virtue of FNC, which fully describes the time-
dependent dynamics. 

2. We determined an entirely new class of pseudo-gauge field existing at high-
frequency, which differs from the adiabatic one through contributions coming from 
the temporal part of the Hermitic corrected spin connection 

3. We extended our understanding of such emergent pseudo-gauge fields to encompass 
small variations in FNC time for an FLRW metric such that          , for Hubble 
parameter H. It was shown the emergent temporally inhomogeneous pseudo-
magnetic fields agree with their static counterparts.
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‘Inverse’ problem—How about shape?

[Morales, Castro-Villareal 110, 195430 (2024)]
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Spontaneous shapes
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Producing C-structures at the lab

[Chuvilin, Nature (2010)]
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[Espinosa-Champo, Naumis, Castro-Villareal, PRB accepted, (2024)]

We can arrive at a low energy description from the TB description 
IF we treat topological defects with care.

Care = considering the emergence of non-abelian Wilson lineLD
O
S 

sp
ec
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um

The debate is fierce. But ultimately, we 
need to resort experiments to settle this.

FIRST
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X : D ⇢ R2 ! ⌃ ⇢ R3

[S. Fishetti, L- Wallis, and T. Wiseman, PRL, 120, 261601 (2018)]
What Spatial Geometries do (2+1)-Dimensional Quantum Field Theory Vacua Prefer?
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Classical part: Heinfrich-Calham

Emergent Elastic Surfaces from 
   two-dimensional Dirac materials

The few seconds review on differential geometry
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Geometrical invariants
Mean curvature

Intrinsic curvature
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Classical part: Heinfrich-Calham

Dirac field contribution, what is the membrane made of
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Understanding the 
     Shape of two-dim Dirac materials

<latexit sha1_base64="F4O5kgMmQN2f3CwUVz3FthiGM+U="></latexit>

ωH
ren
ω [X] =

1

8εϑ

∑

k→0

grenk ϖ
2k↑2
T

∫

!
d2x

→
gtr(Ek)

<latexit sha1_base64="D521FzlzFrQJiCg/qfxfOygU+94="></latexit>

ωHe! [X] = H [X] + ωH
ren
ω [X]



21

<latexit sha1_base64="sik2W/poM+xAQKmyKXrgq5MIrRI="></latexit>

�e↵ = 12⇣(3)
kBT

l2T<latexit sha1_base64="JIzd/OuZJW9czxAm3lyhDRdyX/E="></latexit>

e↵
G =

2

3
log(2)kBT

<latexit sha1_base64="RLvybk6PBBmn1NEOK2IJYWduRJ4="></latexit>

e↵
(2) =

kBT

240⇡
`2T

<latexit sha1_base64="/jPHJDiNTeAI8jwcUF72LZO9L5A="></latexit>

rsph =

 
2e↵

(2)

�e↵

!1/4

⇡ 3.7803 nm

<latexit sha1_base64="QLKI3m56tB6jA95cnSC9lCQIUPw="></latexit>

rcyl =

r
↵

2�e↵
⇡ 6.90578 nm

<latexit sha1_base64="HZInKdtIKVq9WlrcAiukWUI9+ac="></latexit>

He↵ [X] =

Z

⌃
d
2
x
p
g


↵

2
K

2 + �
e↵ + 

e↵
G R+

1

2

e↵
(2)R

2

�

<latexit sha1_base64="A3Pe83l6rr9+2TneC0CfGdK43Vc="></latexit>

� ↵


�gK +

1

2
K

�
K2 � 2R

��
+ �e↵K

+ e↵
(2)

⇣
2KabrarbR� 2K�gR� 1

2
R2K

⌘
= 0

Via Auxiliary Variable method [J. Guven (2004)]

Effective shape equation!

With quantum corrected coefficients

[Morales, Castro-Villareal (2024)]



22

A Phase Diagram 
   For 2d-Dirac materials
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Geometrical invariants from the shape equation

[Morales, Castro-Villareal 110, 195430 (2024)]
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[Morales, Castro-Villareal (2024)]

Summary

New Phase diagram addressing spontaneous generation of 
2d honeycomb lattice surfaces

Expect formation of negative curvature in the lab critical 
temperature to be measured! 

Can we probe QFTs in Diral/Weyl semimetals? - 
Connection to Black Hole phenomena, Hawking 
radiation

Opens the door many interesting directions: how do boundary effects kick-in?



24



25

Fermions on Curved Spacetime
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⌃ab = [�a, �b] ,

!ab
µ = ea⌫g
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i�µ(x)rµ = 0

• Massless Dirac particles are nowadays known 
to emerge not only in high-energy physics in 
graphene, at the interface on the topological 
insulators, etc.

• In principle, deformed materials may realize 
a nonzero curvature in a controllable way.

Curved Spacetime Dirac Equation
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ds2 = gµ⌫(x)dx
µdx⌫ = ⌘ab!

a(x)!b(x)
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{dxµ}
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{!a(x)}
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span{T ⇤M}
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!a(x) = eaµ(x)dx
µ

n-Vielbeins

• Relation between vielbein & metric. However, the 
vielbeins are not uniquely determined
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H = Hq +Hu +Hq,uFrom here we gather terms labeled in orders of u and q

Hq = v0�iqi v0 =
3

2
t0aDirac term

Hq,u =
v0

4
�[2�i

qjuij + �
i
qiujj ]

A term induced 
in inhomogeneity

Hu =
v0

2a
��iKijk✏klujl

Ax =
�

2a
(uxx � uyy), Ay =

�

2a
(�2uxy)

Gauge fields

[de Juan, Sturla, Vozmediano, PRL 108, 227205 (2012)]

H = ivij(~r)�i@j + iv0�i�i + v0�iAi

vij = v0


⌘ij +
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4
(2uij + ⌘ijukk)
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�

4

✓
@juij +

1

2
@iujj

◆

space depend 
Fermi velocity

‘Geometrical’ 
gauge field

The total Hamiltonian can be written as
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• Although the Fermi velocity is approximately a 
hundredth of the speed of light, the masslessness of the 
quasiparticles brings the physics to the domain of 
relativistic QM

<latexit sha1_base64="QYksvgC7Nec9INVr5duh0qFC3pk="></latexit>

�avija @i@j 

The Kinetic Dirac term is the same order as higher derivative terms, and it is therefore 
inconsistent to consider it in isolation.
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H =
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2
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†
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bxA+aln +H.C.
�

Both models are natural and predictive, one should 
expect that they will provide the same results when 
applied to curved graphene samples with given shapes.

[Roberts, Wiseman, PRB 105, 195412 (2022)]


