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Axions in Condensed Matter Physics
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Axions in Condensed Matter Physics
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Axions in Condensed Matter Physics
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Axion insulators (static)

Dynamical axion insulators

I and T are broken

No symmetry protecting edge states
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Axion: (Any) light pseudo scalar particle
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Weyl semimetals: Emergent chirality
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Axionic CDW instability in Weyls: Breaking chirality
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We have a symmetry breaking pattern here, Chiral U(1): Mean field theory
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How to get this axion phase mode from microscopics

Axionic CDW instability in Weyls: Breaking chirality



<latexit sha1_base64="NaQarSF+oA5NryYHVD7HA7E2/to="></latexit>

 =

✓
 +

 �

◆
⌘

✓
 (b+ k)
 (�b+ k)

◆

<latexit sha1_base64="nkBdk+2C8v2uuac8RUP9QdwAB7U="></latexit>

�Hint = �
g

4
[( +�0 )

2
� ( +�0�5 )

2] = �g +
+ � 

+
� +

<latexit sha1_base64="R+8y1CihhUfmHR63IYRuzH6Pym4="></latexit>

H = v0

 ̄z }| {
 +�0 �iki � g +

+ � 
+
� + <latexit sha1_base64="2Gshcnr1d7lIiBmznxOtvPF+PbQ="></latexit>

�0 = ⌧1�0

<latexit sha1_base64="E5iZoQBR+FtHb038tFsBF47dvI0="></latexit>

�5 = �⌧3�0
<latexit sha1_base64="XeKGnzBWSLrpHgGidI5eGDuZu1o="></latexit>

�0�5 = �i⌧2�0

<latexit sha1_base64="CYxmS5pAgTttlsPuKNf9jr7R0EY="></latexit>

�i = �i⌧2�i
<latexit sha1_base64="GAyHrRaK40f9RoMmCOnPouMWPSA="></latexit>

�0�i = ⌧3�i
<latexit sha1_base64="O+su6PvtCG4hQEqY8T9r5kk/77I="></latexit>

HMF =  +(⌧3� · k +��0e
�i�5✓) 

Axionic CDW instability in Weyls: Breaking chirality

We have a symmetry breaking pattern here, Chiral U(1): Mean field theory

How to get this axion phase mode from microscopics

most general U(1) breaking mass operator
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Axionic CDW instability in Weyls: Breaking chirality

We have a symmetry breaking pattern here, Chiral U(1): Mean field theory

How to get this axion phase mode from microscopics
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Axionic CDW instability in Weyls: Breaking chirality

How to get this axion phase mode from microscopics



Axionic CDW instability in Weyls: Magnetic catalysis
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<latexit sha1_base64="rY6krYnVSN9YebJLqON5dnY8uA4=">AAAB/3icbVC7TgMxENwLrxBeAUoaiwiJKtwhFCgjoKCgCBJ5SLkj8jl7iRXfQ7YPKTql4C9ooaFDtHwKEh+DE66AwFTjnRntevxEcKVt+8MqLCwuLa8UV0tr6xubW+XtnZaKU8mwyWIRy45PFQoeYVNzLbCTSKShL7Dtjy6mevsepeJxdKvHCXohHUQ84IxqM7pzL1FoeuRem0Sf9soVu2rPQP4SJycVyNHolT/dfszSECPNBFWq69iJ9jIqNWcCJyU3VZhQNqID7Boa0RCVl82unpCDIJZED5HM3j+9GQ2VGoe+8YRUD9W8Nh3+q/nh3E4dnHkZj5JUY8RMxGhBKoiOybQM0ucSmRZjQyiT3FxN2JBKyrSprGTqcOY//5e0jqtOrVq7OanUz/NiirAH+3AIDpxCHa6gAU1gIOERnuDZerBerFfr7dtasPLMLvyC9f4FGt6WXg==</latexit>

!/”

<latexit sha1_base64="YSrVU9PcD+C1lV/qDbcMl7ZODoo=">AAAB9nicbVBNT8JAEJ3iF+IX6tFLIzHxRFpj0IMHohePmFgggYZsl2nZsNs2u1sjafgNXvXizXj175j4Y1ywBwXf6c28N5mZF6ScKe04n1ZpZXVtfaO8Wdna3tndq+4ftFWSSYoeTXgiuwFRyFmMnmaaYzeVSETAsROMb2Z65wGlYkl8rycp+oJEMQsZJdq0vOgqGtBBtebUnTnsZeIWpAYFWoPqV3+Y0ExgrCknSvVcJ9V+TqRmlOO00s8UpoSOSYQ9Q2MiUPn5/NipfRIm0tYjtOf1b29OhFITERiPIHqkFrVZ818tEAs7dXjp5yxOM40xNSNGCzNu68SeZWAPmUSq+cQQQiUzV9t0RCSh2iRVMXG4i88vk/ZZ3W3UG3fnteZ1EUwZjuAYTsGFC2jCLbTAAwoMnuAZXqxH69V6s95/rCWrmDmEP7A+vgGZyZK+</latexit>

g < gc

<latexit sha1_base64="S9rggzS8PRzVO6SjlJGJzkS5+/A=">AAAB9nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvXisYNpCG8pmO0mX7iZhdyOW0N/gVS/exKt/R/DHuK05aOs7vZn3hpl5QcqZ0o7zaZVWVtfWN8qbla3tnd296v5BWyWZpOjRhCeyGxCFnMXoaaY5dlOJRAQcO8H4ZqZ3HlAqlsT3epKiL0gUs5BRok3Li66iAR1Ua07dmcNeJm5BalCgNah+9YcJzQTGmnKiVM91Uu3nRGpGOU4r/UxhSuiYRNgzNCYClZ/Pj53aJ2EibT1Ce17/9uZEKDURgfEIokdqUZs1/9UCsbBTh5d+zuI00xhTM2K0MOO2TuxZBvaQSaSaTwwhVDJztU1HRBKqTVIVE4e7+PwyaZ/V3Ua9cXdea14XwZThCI7hFFy4gCbcQgs8oMDgCZ7hxXq0Xq036/3HWrKKmUP4A+vjG5zrksA=</latexit>

g > gc

<latexit sha1_base64="XoGjzy27z/+NU/qTg4uN00IEDo4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoI0JwcYSo3wkcCF7yxxs2L277O6REMJPsNXGztj6f0z8MS54hYKvejPvTWbmBYng2rjup5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWMbud6a4xK8zh6NJMEfUkHEQ85o8a2Hmo3bq9YcsvuAmSVeBkpQYZ6r/jV7ccslRgZJqjWHc9NjD+lynAmcFbophoTykZ0gB1LIypR+9PFqTNyFsaKmCGSRf3bO6VS64kMrEdSM9TL2rz5rxbIpZ0mvPanPEpSgxGzI1YLU0FMTOYJkD5XyIyYWEKZ4vZqwoZUUWZsTgUbh7f8/CppXpS9Srlyf1mq1rJg8nACp3AOHlxBFe6gDg1gMIAneIYXZ+y8Om/O+48152Qzx/AHzsc3kfORjQ==</latexit>

B = 0
<latexit sha1_base64="qTrgCjw2Bn9OjFjCIDVGFRKg+co=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTIKDWWQyENKrOh8WSennM/m7owUrHwELTR0iJa/QeJjuAQXkDDV7M6sdneCRHBtXPfTWVldW9/YLGwVt3d29/ZLB4ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYyvZ3r7AZXmsbwzkwT9iA4lDzmjxrba9Z7Ee+L2S2W34s5BlomXkzLkaPRLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5udOyWkYK2JGSOb1b29GI60nUWA9ETUjvajNmv9qQbSw04RXfsZlkhqUzI5YLUwFMTGZpUAGXCEzYmIJZYrbqwkbUUWZsVkVbRze4vPLpHVe8aqV6u1FuVbPgynAMZzAGXhwCTW4gQY0gcEYnuAZXpxH59V5c95/rCtOPnMEf+B8fAOGHpM4</latexit>

B →= 0

At nonzero magnetic field and T=0, 
there is always phase transition: 

Magnetic catalysis

At nonzero T, phase transition is 2nd 
order

VA Miransky, IA Shovkovy PRD 66, 045006 (2002)



<latexit sha1_base64="MvqDKm2AlRiQhHEcGPao9goGq74="></latexit>

(TaS4)2I

Y Zhang et al. PRB 101, 174106 (2020)

J Gooth et al Nature 575, 315 (2019)

AA Shinchenko et al. App. Phys. Lett. 120, 063102 (2022)

Repeated 
experiment:

No trace of 

dependence with B

<latexit sha1_base64="PXlbM9mrnqW4UPNp+mIzHpzxgr8="></latexit>

TCDW = 263K

<latexit sha1_base64="ANaLX7vtfbSUANu7ViTZc0Qg4oY="></latexit>

L =
e2

2⇡h
�✓(t, r)E ·B

<latexit sha1_base64="NoOIaGEO/t889Bw+hn6LmZWHifI="></latexit>

J = � e

⇡

d�✓

dt

Dynamical axion insulators: Experimental status



<latexit sha1_base64="MvqDKm2AlRiQhHEcGPao9goGq74="></latexit>

(TaS4)2I

QG Mu et al. Phys. Rev. Research 5, 084201 (2021)

Raman spectrum 
under P

<latexit sha1_base64="PXlbM9mrnqW4UPNp+mIzHpzxgr8="></latexit>

TCDW = 263K

Kink in resistivity 
(CDW)

Pressure favors 
connectivity among 

chains that is bad 
for the quasi 1D 

character

Dynamical axion insulators: Experimental status



F Tang et al. Nature 569, 537 (2019)

S Galeski et al Nat. Comm. 13, 7418 (2022)

<latexit sha1_base64="kiEgdxkghAT6szIEEr27lt9Oeaw="></latexit>

ZrTe5

Dynamical axion insulators: Experimental status



P Wang et al. PRB 101. 161201R (2020)

<latexit sha1_base64="TZfbwJG2uefWNSdez6fe/i2oOJs="></latexit>

HfTe5

The Hall plateau is proportional to the Fermi wavelength instead of  a 
lattice constant: Signature of  electron instability?

Dynamical axion insulators: Experimental status



BQ Lv et al. Rev. Mod. Phys. 93, 025002

<latexit sha1_base64="Wbuy3sXwgaQrtgibCGBVSkb/D1A="></latexit>

TaAs
<latexit sha1_base64="pWpfV9+enpyv5AV9qi5IP2N+ph0="></latexit>

TaP

<latexit sha1_base64="+ZjvVdsQPovQbp6Do5lDPUzx8mE="></latexit>

Na3Bi

Dynamical axion insulators: Experimental status



Weyls under B fields have been extensively studied since 2015 and MC appears with 
any finite B field. Why is not observed? Finite chemical potential

<latexit sha1_base64="rVK7WckEmvoG6ZZknTHgSLq19S8="></latexit>

Vµ,0(�) = � eB

4⇡2

1X

n=0

↵n

Z 1

�1
dp ⇥ [µ� "n(p)] · [µ� "n(p)]

<latexit sha1_base64="Kba3y06izFm1rEr9jTRo6sOVIWw="></latexit>

V0(�) =
�2

2G
+

eB

8⇡2

Z 1

⇤�2

ds

s2
e�s�2

coth(eBs)

First order phase transition: Two minima

Dynamical axion insulators: Chemical potential

Chemical potential competes against magnetic field J Bernabeu, A Cortijo PRB 110, L081101 (2024)

K Klimenko, arXiv:hep-th/9809218 (1998)



Dynamical axion insulators: First order phase transition

Minima coexist

<latexit sha1_base64="1j8U5qpIQip2BYCqwed8QCqoYUo=">AAAB9nicbVDLSsNAFL3xWesr2qWbYBFclaRIdeGi1I3LCvYBbQiT6U07dPJgZiKG0F/Rlag7P8Qf8G+c1iy09cCBM/ecgXuPn3AmlW1/GWvrG5tb26Wd8u7e/sGheXTclXEqKHZozGPR94lEziLsKKY49hOBJPQ59vzpzdzvPaCQLI7uVZagG5JxxAJGidIjz6y0PHLd8hxNW7Ou6Xtm1a7ZC1irwilEFQq0PfNzOIppGmKkKCdSDhw7UW5OhGKU46w8TCUmhE7JGAdaRiRE6eaL5WfWWRALS03QWrx/Z3MSSpmFvs6ERE3ksjcf/ucNUhVcuTmLklRhRHVEe0HKLRVb8w6sERNIFc+0IFQwvaVFJ0QQqnRTZX2+s3zsqujWa06j1ri7qDZbRRElOIFTOAcHLqEJt9CGDlDI4Bne4N14NJ6MF+P1J7pmFH8q8AfGxzeC+pB0</latexit>

Ba < B1 < B0 < B2 < Bb

0 no 
longer a 
(local) 

minimum

gap no 
longer a 
(local) 

minimum
Phase transition 
takes place by 
nucleation of  

bubbles

How close are these values to        
indicate the possibility of  hysteresis

<latexit sha1_base64="i3Y1zTLE3R9HZunEXu+Ux1jBBSA=">AAAB5HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjEGXBDcuMcpPAhPSKXegodOZtB0TMuENdGXUnU/kC/g2FpyFgmf19Z7T5J4bJIJr47pfTmFtfWNzq7hd2tnd2z8oHx61dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudR1Sax/LBTBP0IzqSPOSMGju6bwzcQbniVt2FyCp4OVQgV3NQ/uwPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/W6w6I2dhrIgZI1m8f2czGmk9jQKbiagZ62VvPvzP66UmvPYzLpPUoGQ2Yr0wFcTEZN6YDLlCZsTUAmWK2y0JG1NFmbF3Kdn63nLZVWhfVL1atXZ3Wak38kMU4QRO4Rw8uII63EITWsBgBM/wBu9O6Dw5L87rT7Tg5H+O4Y+cj2+uSYsJ</latexit>

B0

B0 is the magnetic field where 
the two minima are 

degenerate

J Bernabeu, A Cortijo PRB 110, L081101 (2024)



Phys. Rev. A 23, 2719 (1981)

The idea behind transition by 
bubble nucleation is universal

<latexit sha1_base64="0PhGp2x3KEaf31nGdlnIy8eXNvw=">AAAB9nicbVBNT8JAEJ3iF+IX6tFLIzHxRFpj0IMHohePSCyQQEO2yxQ27LbN7tZIGn6DV714M179Oyb+GBfsQcF3ejPvTWbmBQlnSjvOp1VYWV1b3yhulra2d3b3yvsHLRWnkqJHYx7LTkAUchahp5nm2EkkEhFwbAfjm5nefkCpWBzd60mCviDDiIWMEm1aXvOq2af9csWpOnPYy8TNSQVyNPrlr94gpqnASFNOlOq6TqL9jEjNKMdpqZcqTAgdkyF2DY2IQOVn82On9kkYS1uP0J7Xv70ZEUpNRGA8guiRWtRmzX+1QCzs1OGln7EoSTVG1IwYLUy5rWN7loE9YBKp5hNDCJXMXG3TEZGEapNUycThLj6/TFpnVbdWrd2dV+rXeTBFOIJjOAUXLqAOt9AADygweIJneLEerVfrzXr/sRasfOYQ/sD6+AZX/5KU</latexit>

R < Rc

<latexit sha1_base64="6XnQCKWOowBNYELWZR5ZK06V2YQ=">AAAB9nicbVBNT8JAEJ3iF+IX6tFLIzHxRFpj0JMhevGIxAIJNGS7TGHDbtvsbo2k4Td41Ys349W/Y+KPccEeFHynN/PeZGZekHCmtON8WoWV1bX1jeJmaWt7Z3evvH/QUnEqKXo05rHsBEQhZxF6mmmOnUQiEQHHdjC+mentB5SKxdG9niToCzKMWMgo0ablNa+afdovV5yqM4e9TNycVCBHo1/+6g1imgqMNOVEqa7rJNrPiNSMcpyWeqnChNAxGWLX0IgIVH42P3Zqn4SxtPUI7Xn925sRodREBMYjiB6pRW3W/FcLxMJOHV76GYuSVGNEzYjRwpTbOrZnGdgDJpFqPjGEUMnM1TYdEUmoNkmVTBzu4vPLpHVWdWvV2t15pX6dB1OEIziGU3DhAupwCw3wgAKDJ3iGF+vRerXerPcfa8HKZw7hD6yPb1shkpY=</latexit>

R > Rc

<latexit sha1_base64="6XnQCKWOowBNYELWZR5ZK06V2YQ=">AAAB9nicbVBNT8JAEJ3iF+IX6tFLIzHxRFpj0JMhevGIxAIJNGS7TGHDbtvsbo2k4Td41Ys349W/Y+KPccEeFHynN/PeZGZekHCmtON8WoWV1bX1jeJmaWt7Z3evvH/QUnEqKXo05rHsBEQhZxF6mmmOnUQiEQHHdjC+mentB5SKxdG9niToCzKMWMgo0ablNa+afdovV5yqM4e9TNycVCBHo1/+6g1imgqMNOVEqa7rJNrPiNSMcpyWeqnChNAxGWLX0IgIVH42P3Zqn4SxtPUI7Xn925sRodREBMYjiB6pRW3W/FcLxMJOHV76GYuSVGNEzYjRwpTbOrZnGdgDJpFqPjGEUMnM1TYdEUmoNkmVTBzu4vPLpHVWdWvV2t15pX6dB1OEIziGU3DhAupwCw3wgAKDJ3iGF+vRerXerPcfa8HKZw7hD6yPb1shkpY=</latexit>

R > Rc

<latexit sha1_base64="ks9kXMXa+PwJp/SnsGARidkGPtw=">AAACFHicbVC7TsMwFHV4lvIKMLIYKiSmKgFUGCsYYCyIPqQmRI7rtFZtJ7IdpCrKzB/wF6ywsCFWdiQ+BrdkgJYznXvPubr3njBhVGnH+bTm5hcWl5ZLK+XVtfWNTXtru6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLwY6+17IhWNxa0eJcTnqC9oRDHSphXYe14kEc7cPNNBJvLcU5TDm7vjIAtz7xJxjgK74lSdCeAscQtSAQUagf3l9WKcciI0Zkiprusk2s+Q1BQzkpe9VJEE4SHqk66hAnGi/GzySg4PolhCPSBwUv/2ZogrNeKh8XCkB2paGzf/1UI+tVNHZ35GRZJqIrAZMVqUMqhjOE4I9qgkWLORIQhLaq6GeIBMStrkWDZxuNPPz5LWUdWtVWvXJ5X6eRFMCeyCfXAIXHAK6uAKNEATYPAAnsAzeLEerVfrzXr/sc5ZxcwO+APr4xtIwZ8t</latexit>

1

tn
→ R3

b!

<latexit sha1_base64="HQKSWbcHu3eAWVsR4uF+oEmeWdE=">AAACA3icbVA9SwNBEN2LXzF+nVraLAYhgoS7INHCIsTGMoL5gCQce5u9ZMnu3bE7FwhHSv+FrTZ2YusPEfwxbuIVmviqN/PeMDPPjwXX4DifVm5tfWNzK79d2Nnd2z+wD49aOkoUZU0aiUh1fKKZ4CFrAgfBOrFiRPqCtf3x7VxvT5jSPAofYBqzviTDkAecEjAtz7bBC0t1L3UvKrPzG/CUZxedsrMAXiVuRoooQ8Ozv3qDiCaShUAF0brrOjH0U6KAU8FmhV6iWUzomAxZ19CQSKb76eLyGT4LIoVhxPCi/u1NidR6Kn3jkQRGelmbN//VfLm0E4LrfsrDOAEWUjNitCARGCI8DwQPuGIUxNQQQhU3V2M6IopQMLEVTBzu8vOrpFUpu9Vy9f6yWKtnweTRCTpFJeSiK1RDd6iBmoiiCXpCz+jFerRerTfr/ceas7KZY/QH1sc3JKuWzA==</latexit>

tn(B1,2) < tr

Time bubble takes to 
be unstable

Some reference 
time, larger than the 
experiment takes to 

be performed

Dynamical axion insulators: 1st order (Q)PT and nucleation



<latexit sha1_base64="NEaVK6gstWrBbsw1T8lgfbdmMlM="></latexit>

t→1
n → R3

b! =
S2
b

4ωRb
e→Sb

Kinematic effects of  the order parameter needed: 
radiative corrections as it is a composite field

<latexit sha1_base64="7uXTe/YyAPiILOO529aZHvzudS0="></latexit>

Z→1(!) =
eB

24ω2!2

[
1→

(
1→ !2

µ2

) 3
2

”(µ→!)

]

Dynamical axion insulators: 1st order (Q)PT and nucleation

J Bernabeu, A Cortijo PRB 110, L081101 (2024)



<latexit sha1_base64="NEaVK6gstWrBbsw1T8lgfbdmMlM="></latexit>

t→1
n → R3

b! =
S2
b

4ωRb
e→Sb

Kinematic effects of  the order parameter 
needed: radiative corrections as it is a 

composite field

<latexit sha1_base64="7uXTe/YyAPiILOO529aZHvzudS0="></latexit>

Z→1(!) =
eB

24ω2!2

[
1→

(
1→ !2

µ2

) 3
2

”(µ→!)

]

           Are not sensitive to 
the reference time

<latexit sha1_base64="GKZhOxF7J75LvTd36D3tPeD+C+I=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxMOSOGLQk2FhiIh8JXMjeMsCG3bvL7p4JXvgRttrYGVv/jYk/xgWvUPBVb+a9ycy8IBZcG9f9dHJr6xubW/ntws7u3v5B8fCopaNEMWyySESqE1CNgofYNNwI7MQKqQwEtoPJzVxvP6DSPArvzTRGX9JRyIecUWNb7Xo/9S4qs36x5JbdBcgq8TJSggyNfvGrN4hYIjE0TFCtu54bGz+lynAmcFboJRpjyiZ0hF1LQypR++ni3Bk5G0aKmDGSRf3bm1Kp9VQG1iOpGetlbd78Vwvk0k4zvPZTHsaJwZDZEasNE0FMROYpkAFXyIyYWkKZ4vZqwsZUUWZsVgUbh7f8/CppVcpetVy9uyzV6lkweTiBUzgHD66gBrfQgCYwmMATPMOL8+i8Om/O+48152Qzx/AHzsc3dcGTLg==</latexit>

B1,2

As   , there 
is hysteresis 

<latexit sha1_base64="ynHdaJ49toquxP8N7RuRTfw1nVk=">AAACBnicbVC7TsMwFHV4lvIKdGSxqJCYqqRChbEqC2OR6ENqo8hxb1qrjhNsBymKuvMXrLCwIVZ+A4mPwS0ZoOUs9/iec+V7T5BwprTjfFpr6xubW9ulnfLu3v7BoX103FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hqu9x5AKhaLO50l4EVkLFjIKNGm5duVlu8OBdzjlu8Ute7bVafmLIBXiVuQKirQ9u2v4SimaQRCU06UGrhOor2cSM0oh1l5mCpICJ2SMQwMFSQC5eWL5Wf4LIwl1hPAi/dvb04ipbIoMJ6I6Ila1ubNf7UgWvpTh1dezkSSahDUjBgtTDnWMZ5ngkdMAtU8M4RQyczWmE6IJFSb5MomDnf5+FXSrdfcRq1xe1FttopgSugEnaJz5KJL1EQ3qI06iKIMPaFn9GI9Wq/Wm/X+Y12zipkK+gPr4xvGa5el</latexit>

B1 →= B0 →= B2

Dynamical axion insulators: Hysteresis

J Bernabeu, A Cortijo PRB 110, L081101 (2024)



Dynamical axion insulators: Hysteresis

As   , there 
is hysteresis 

<latexit sha1_base64="ynHdaJ49toquxP8N7RuRTfw1nVk=">AAACBnicbVC7TsMwFHV4lvIKdGSxqJCYqqRChbEqC2OR6ENqo8hxb1qrjhNsBymKuvMXrLCwIVZ+A4mPwS0ZoOUs9/iec+V7T5BwprTjfFpr6xubW9ulnfLu3v7BoX103FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hqu9x5AKhaLO50l4EVkLFjIKNGm5duVlu8OBdzjlu8Ute7bVafmLIBXiVuQKirQ9u2v4SimaQRCU06UGrhOor2cSM0oh1l5mCpICJ2SMQwMFSQC5eWL5Wf4LIwl1hPAi/dvb04ipbIoMJ6I6Ila1ubNf7UgWvpTh1dezkSSahDUjBgtTDnWMZ5ngkdMAtU8M4RQyczWmE6IJFSb5MomDnf5+FXSrdfcRq1xe1FttopgSugEnaJz5KJL1EQ3qI06iKIMPaFn9GI9Wq/Wm/X+Y12zipkK+gPr4xvGa5el</latexit>

B1 →= B0 →= B2

Metallic magnetoconductivity

Magnetic susceptibility

J Bernabeu, A Cortijo PRB 110, L081101 (2024)



Dynamical axion insulators: Hysteresis

Nonlinear optics (3rd Harmonic generation)

<latexit sha1_base64="PDKkWNdGKYm7CqyJNCO5LJ0rmJQ=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTKChjJI5CElVnS+rJMjd7Z1d0ayrPwDLTR0iJbPQeJjuAQXkDDV7M6sdneCRHBtXPfTWVldW9/YLG2Vt3d29/YrB4dtHaeKYYvFIlbdgGoUPMKW4UZgN1FIZSCwE0xuZnrnEZXmcXRvsgR9SUcRDzmjxrba/VjiiA4qVbfmzkGWiVeQKhRoDipf/WHMUomRYYJq3fPcxPg5VYYzgdNyP9WYUDahI+xZGlGJ2s/n107JaRgrYsZI5vVvb06l1pkMrEdSM9aL2qz5rxbIhZ0mvPJzHiWpwYjZEauFqSAmJrMQyJArZEZkllCmuL2asDFVlBkbVdnG4S0+v0za5zWvXqvfXVQb10UwJTiGEzgDDy6hAbfQhBYweIAneIYXJ3NenTfn/ce64hQzR/AHzsc3ry+TYQ==</latexit>ω
<latexit sha1_base64="PDKkWNdGKYm7CqyJNCO5LJ0rmJQ=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTKChjJI5CElVnS+rJMjd7Z1d0ayrPwDLTR0iJbPQeJjuAQXkDDV7M6sdneCRHBtXPfTWVldW9/YLG2Vt3d29/YrB4dtHaeKYYvFIlbdgGoUPMKW4UZgN1FIZSCwE0xuZnrnEZXmcXRvsgR9SUcRDzmjxrba/VjiiA4qVbfmzkGWiVeQKhRoDipf/WHMUomRYYJq3fPcxPg5VYYzgdNyP9WYUDahI+xZGlGJ2s/n107JaRgrYsZI5vVvb06l1pkMrEdSM9aL2qz5rxbIhZ0mvPJzHiWpwYjZEauFqSAmJrMQyJArZEZkllCmuL2asDFVlBkbVdnG4S0+v0za5zWvXqvfXVQb10UwJTiGEzgDDy6hAbfQhBYweIAneIYXJ3NenTfn/ce64hQzR/AHzsc3ry+TYQ==</latexit>ω
<latexit sha1_base64="PDKkWNdGKYm7CqyJNCO5LJ0rmJQ=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTKChjJI5CElVnS+rJMjd7Z1d0ayrPwDLTR0iJbPQeJjuAQXkDDV7M6sdneCRHBtXPfTWVldW9/YLG2Vt3d29/YrB4dtHaeKYYvFIlbdgGoUPMKW4UZgN1FIZSCwE0xuZnrnEZXmcXRvsgR9SUcRDzmjxrba/VjiiA4qVbfmzkGWiVeQKhRoDipf/WHMUomRYYJq3fPcxPg5VYYzgdNyP9WYUDahI+xZGlGJ2s/n107JaRgrYsZI5vVvb06l1pkMrEdSM9aL2qz5rxbIhZ0mvPJzHiWpwYjZEauFqSAmJrMQyJArZEZkllCmuL2asDFVlBkbVdnG4S0+v0za5zWvXqvfXVQb10UwJTiGEzgDDy6hAbfQhBYweIAneIYXJ3NenTfn/ce64hQzR/AHzsc3ry+TYQ==</latexit>ω

<latexit sha1_base64="Rmu1eKsZS7GVIAuk/M4OQ1c7feA=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhsgGFCgjaCiDRB5SYkXnyzo55c627s5IkZWfoIWGDtHyNUh8DJfgAhKmmt2Z1e5OkAiujet+OoWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dqa3H1FpHkcPZpKgL+kw4iFn1NhW5+yiF0sc0n654lbdOcgy8XJSgRyNfvmrN4hZKjEyTFCtu56bGD+jynAmcFrqpRoTysZ0iF1LIypR+9n83ik5CWNFzAjJvP7tzajUeiID65HUjPSiNmv+qwVyYacJr/2MR0lqMGJ2xGphKoiJySwGMuAKmRETSyhT3F5N2IgqyowNq2Tj8BafXyat86pXq9buLyv1mzyYIhzBMZyCB1dQhztoQBMYCHiCZ3hxMufVeXPef6wFJ585hD9wPr4BkN2T1Q==</latexit>→3ω

<latexit sha1_base64="fq02OFedF/4Ll5PQERGiUx8own8=">AAACHnicbVDLSsNAFJ3UV62vqks3wSKkiCWxUt0IRRHEVQX7gKYtk+ltO3QmCTMToYR+hH/gX7jVjTtxq+DHOK0RtHpWZ845lzv3eCGjUtn2u5Gam19YXEovZ1ZW19Y3sptbNRlEgkCVBCwQDQ9LYNSHqqKKQSMUgLnHoO4Nzyd+/RaEpIF/o0YhtDju+7RHCVZa6mT3r6yDohtw6OP8qStpn+N2bBXzYysRL9rFb9rJ5uyCPYX5lzgJyaEElU72w+0GJOLgK8KwlE3HDlUrxkJRwmCccSMJISZD3Iempj7mIFvx9KixudcLhKkGYE7fP7Mx5lKOuKczHKuBnPUm4r+ex2d2qt5JK6Z+GCnwiR7RXi9ipgrMSVdmlwogio00wURQ/WuTDLDAROlGM7oOZ/b4v6R2WHBKhdL1Ua58lhSTRjtoF1nIQceojC5RBVURQXfoAT2iJ+PeeDZejNevaMpIZrbRLxhvn+/+oMU=</latexit>

J(→3ω) = ε(3)(ω)E3(ω)

Resonance  at 
<latexit sha1_base64="h6I+uhgAF6QTRI32ayacPfI2PCU=">AAACBnicbVC7TsNAEDzzDOFlSElzIkKiiuyAAmUEFJRBIg8ptqLzZZ2ccmdbd2cky0rPX9BCQ4do+Q0kPoZLcAEJU83uzGp3J0g4U9pxPq2V1bX1jc3SVnl7Z3dv3z447Kg4lRTaNOax7AVEAWcRtDXTHHqJBCICDt1gcj3Tuw8gFYuje50l4AsyiljIKNGmNbArZ14sYEQ8xQSuezfANRnYVafmzIGXiVuQKirQGthf3jCmqYBIU06U6rtOov2cSM0oh2nZSxUkhE7ICPqGRkSA8vP58VN8EsYS6zHgef3bmxOhVCYC4xFEj9WiNmv+qwViYacOL/2cRUmqIaJmxGhhyrGO8SwTPGQSqOaZIYRKZq7GdEwkodokVzZxuIvPL5NOveY2ao2782rzqgimhI7QMTpFLrpATXSLWqiNKMrQE3pGL9aj9Wq9We8/1hWrmKmgP7A+vgEnwJiE</latexit>

3ω → 2!

In the ultra quantum limit, this is zero in the metallic phase

J Bernabeu, A Cortijo PRB 110, L081101 (2024)



Dynamical axion insulators: More experimental status

<latexit sha1_base64="tHsXCEGGEAon5AcFiWbf5HDZca0=">AAAB/3icbVA9SwNBEJ3zM8avqKXNYhCswl2QmDKYRrAwgvmA5Dz2NpNkyd4Hu3tCOFL4L2y1sRNbf4rgj3ETr9DEV72Z94aZeX4suNK2/WmtrK6tb2zmtvLbO7t7+4WDw5aKEsmwySIRyY5PFQoeYlNzLbATS6SBL7Dtj+szvf2AUvEovNOTGN2ADkM+4Ixq07q/9sp16VXJjZc6lalXKNolew6yTJyMFCFDwyt89foRSwIMNRNUqa5jx9pNqdScCZzme4nCmLIxHWLX0JAGqNx0fvWUnA4iSfQIybz+7U1poNQk8I0noHqkFrVZ81/NDxZ26kHVTXkYJxpDZkaMNkgE0RGZhUH6XCLTYmIIZZKbqwkbUUmZNpHlTRzO4vPLpFUuOZVS5fa8WLvMgsnBMZzAGThwATW4ggY0gYGEJ3iGF+vRerXerPcf64qVzRzBH1gf3+/claE=</latexit>

K2Cr8O16
Ferromagnetic metal - Ferromagnetic insulator 

phase transition!

K Hasegawa et al. PRL 103, 146403 (2009)

Inset: magnetoconductivity increasing with B

<latexit sha1_base64="ExsbYMgVky79EUGtbiZA7lmJi3o=">AAACAnicbVC7TsMwFL3hWcqjAUYWiwqpXUqCUGGsysJYJPqQ2qhyXKe1aieR7SBVUTf+ghUWNsTKjyDxMbghA7Sc5R7fc6587/FjzpR2nE9rbX1jc2u7sFPc3ds/KNmHRx0VJZLQNol4JHs+VpSzkLY105z2Ykmx8Dnt+tObhd59oFKxKLzXs5h6Ao9DFjCCtWkN7dJATqJKs3qeVac6tMtOzcmAVombkzLkaA3tr8EoIomgoSYcK9V3nVh7KZaaEU7nxUGiaIzJFI9p39AQC6q8NFt8js6CSCI9oSh7//amWCg1E77xCKwnallbNP/VfLH0pw6uvZSFcaJpSMyI0YKEIx2hRR5oxCQlms8MwUQyszUiEywx0Sa1oonDXT5+lXQuam69Vr+7LDeaeTAFOIFTqIALV9CAW2hBGwgk8ATP8GI9Wq/Wm/X+Y12z8plj+APr4xvsTpYU</latexit>

ω(B)/ω(0)

JZ Zhao et al New J Phys 22, 073062 (2020)

First principles calculations 
suggest Weyl ferro phase



Dynamical axion insulators: More experimental status

<latexit sha1_base64="GGwRlhhZzG3mO9YMWHbW/AMFYPY=">AAAB/HicbVBNT8JAEN3iF+IX6tFLIzHBC2kJQY9EL3rDyFcCTbNdprBht9vsbk1Ig//Cq168Ga/+FxN/jAv2oOA7vZn3JjPzgphRpR3n08qtrW9sbuW3Czu7e/sHxcOjjhKJJNAmggnZC7ACRiNoa6oZ9GIJmAcMusHkeq53H0AqKqKWnsbgcTyKaEgJ1qbVL7fwPfi1c7966xdLTsVZwF4lbkZKKEPTL34NhoIkHCJNGFaq7zqx9lIsNSUMZoVBoiDGZIJH0Dc0whyUly5OntlnoZC2HoO9qH97U8yVmvLAeDjWY7WszZv/agFf2qnDSy+lUZxoiIgZMVqYMFsLe56EPaQSiGZTQzCR1FxtkzGWmGiTV8HE4S4/v0o61Ypbr9TvaqXGVRZMHp2gU1RGLrpADXSDmqiNCBLoCT2jF+vRerXerPcfa87KZo7RH1gf36ZSlFk=</latexit>

(TaSe4)2I
<latexit sha1_base64="Mq/sOmiDDEIDab2FWHzWhIHx+CQ=">AAACBnicbVC7TsNAEDzzDOFlSElzIkKiiuwIAmUEFJRBIg8ptqLzZZ2ccmdbd2cky0rPX9BCQ4do+Q0kPoZLcAEJU83uzGp3J0g4U9pxPq2V1bX1jc3SVnl7Z3dv3z447Kg4lRTaNOax7AVEAWcRtDXTHHqJBCICDt1gcj3Tuw8gFYuje50l4AsyiljIKNGmNbArde8GuCaeYgLXzx0soDOwq07NmQMvE7cgVVSgNbC/vGFMUwGRppwo1XedRPs5kZpRDtOylypICJ2QEfQNjYgA5efz46f4JIwl1mPA8/q3NydCqUwExiOIHqtFbdb8VwvEwk4dXvo5i5JUQ0TNiNHClGMd41kmeMgkUM0zQwiVzFyN6ZhIQrVJrmzicBefXyades1t1Bp3Z9XmVRFMCR2hY3SKXHSBmugWtVAbUZShJ/SMXqxH69V6s95/rCtWMVNBf2B9fAMD9ZfL</latexit>

2! → 250meV

Gapped phason (axion?) mode

Damping due to mixing with 
phonons

S Kim et al Nat. Materials 22, 429 (2023)



Dynamical axion insulators: Hysteresis

In the previous theory, we have made the important assumption that all 
symmetry broken bubbles choose the save value for 

<latexit sha1_base64="iwwFq31DWjC5OZV/GvYRdNN0zMc=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTKChjJI5CElVnS+nJMjd7Z1t0ayrPwDLTR0iJbPQeJjuAQXkDDV7M6sdneCRAqDrvvprKyurW9slrbK2zu7e/uVg8O2iVPNeIvFMtbdgBouRcRbKFDybqI5VYHknWByM9M7j1wbEUf3mCXcV3QUiVAwirbV7uOYIx1Uqm7NnYMsE68gVSjQHFS++sOYpYpHyCQ1pue5Cfo51SiY5NNyPzU8oWxCR7xnaUQVN34+v3ZKTsNYE7uXzOvf3pwqYzIVWI+iODaL2qz5rxaohZ0YXvm5iJIUecTsiNXCVBKMySwEMhSaM5SZJZRpYa8mbEw1ZWijKts4vMXnl0n7vObVa/W7i2rjugimBMdwAmfgwSU04Baa0AIGD/AEz/DiZM6r8+a8/1hXnGLmCP7A+fgGw3eTbg==</latexit>

ω

<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0

<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0



Dynamical axion insulators: Hysteresis

In the previous theory, we have made the important assumption that all 
symmetry broken bubbles choose the save value for 

<latexit sha1_base64="iwwFq31DWjC5OZV/GvYRdNN0zMc=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgTKChjJI5CElVnS+nJMjd7Z1t0ayrPwDLTR0iJbPQeJjuAQXkDDV7M6sdneCRAqDrvvprKyurW9slrbK2zu7e/uVg8O2iVPNeIvFMtbdgBouRcRbKFDybqI5VYHknWByM9M7j1wbEUf3mCXcV3QUiVAwirbV7uOYIx1Uqm7NnYMsE68gVSjQHFS++sOYpYpHyCQ1pue5Cfo51SiY5NNyPzU8oWxCR7xnaUQVN34+v3ZKTsNYE7uXzOvf3pwqYzIVWI+iODaL2qz5rxaohZ0YXvm5iJIUecTsiNXCVBKMySwEMhSaM5SZJZRpYa8mbEw1ZWijKts4vMXnl0n7vObVa/W7i2rjugimBMdwAmfgwSU04Baa0AIGD/AEz/DiZM6r8+a8/1hXnGLmCP7A+fgGw3eTbg==</latexit>

ω

<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0
<latexit sha1_base64="yCji3DhmJHTn23x6a4T2CKw+oHA=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES73v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8puUEg==</latexit>

ω1

<latexit sha1_base64="iGe6RH4o45nuGjnLHTRtfHdVjrY=">AAAB+XicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0dM5JHAhswODUyYfWSm14Rs+AmvevFmvPo1Jn6MA+5BwTpVd1WnuytIlDTkup/O2vrG5tZ2Yae4u7d/cFg6Om6ZONUCmyJWse4E3KCSETZJksJOopGHgcJ2MLmd6+1H1EbG0QNNE/RDPorkUApOttXp0RiJ96v9UtmtuAuwVeLlpAw5Gv3SV28QizTEiITixnQ9NyE/45qkUDgr9lKDCRcTPsKupREP0fjZ4t4ZOx/GmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlW0cXjLz6+SVrXi1Sq1+8ty/SYPpgCncAYX4MEV1OEOGtAEAQqe4BlenMx5dd6c9x/rmpPPnMAfOB/f9CmUEw==</latexit>

ω2



Dynamical axion insulators: Hysteresis

As each bubble represents a topologically 
distinct insulator, but as T (and I) are broken, 

no symmetry enforce the domain walls to 
host boundary modes,  

Bulk might remain insulating

<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0

<latexit sha1_base64="yCji3DhmJHTn23x6a4T2CKw+oHA=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES73v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8puUEg==</latexit>

ω1

<latexit sha1_base64="iGe6RH4o45nuGjnLHTRtfHdVjrY=">AAAB+XicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0dM5JHAhswODUyYfWSm14Rs+AmvevFmvPo1Jn6MA+5BwTpVd1WnuytIlDTkup/O2vrG5tZ2Yae4u7d/cFg6Om6ZONUCmyJWse4E3KCSETZJksJOopGHgcJ2MLmd6+1H1EbG0QNNE/RDPorkUApOttXp0RiJ96v9UtmtuAuwVeLlpAw5Gv3SV28QizTEiITixnQ9NyE/45qkUDgr9lKDCRcTPsKupREP0fjZ4t4ZOx/GmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlW0cXjLz6+SVrXi1Sq1+8ty/SYPpgCncAYX4MEV1OEOGtAEAQqe4BlenMx5dd6c9x/rmpPPnMAfOB/f9CmUEw==</latexit>

ω2

<latexit sha1_base64="MrRrDS0Hr2ew/Nm7nWfE+K7cUqg=">AAAB+XicbVA9TwJBEJ3DL8Qv1NLmIjGxIndq0JJoY4mJCAkQsrfMwYbdu8vunAm58CdstbEztv4aE3+MC16h4KvezHuTmXlBIoUhz/t0Ciura+sbxc3S1vbO7l55/+DBxKnm2OSxjHU7YAaliLBJgiS2E41MBRJbwfhmprceURsRR/c0SbCn2DASoeCMbKvdpRES65/3yxWv6s3hLhM/JxXI0eiXv7qDmKcKI+KSGdPxvYR6GdMkuMRpqZsaTBgfsyF2LI2YQtPL5vdO3ZMw1q7d7M7r396MKWMmKrAexWhkFrVZ818tUAs7KbzqZSJKUsKI2xGrhal0KXZnMbgDoZGTnFjCuBb2apePmGacbFglG4e/+PwyeTir+rVq7e6iUr/OgynCERzDKfhwCXW4hQY0gYOEJ3iGFydzXp035/3HWnDymUP4A+fjG/W3lBQ=</latexit>

ω3

<latexit sha1_base64="5hzkfu8Y0EDGbTCpTlyT0Axzq3E=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES71/2yxW36i7AVomXkwrkaPTLX71BLNIQIxKKG9P13IT8jGuSQuGs1EsNJlxM+Ai7lkY8RONni3tn7GwYa2Y3s0X925vx0JhpGFhPyGlslrV5818tCJd20vDaz2SUpISRsCNWG6aKUczmMbCB1ChITS3hQkt7NRNjrrkgG1bJxuEtP79KWhdVr1at3V9W6jd5MEU4gVM4Bw+uoA530IAmCFDwBM/w4mTOq/PmvP9YC04+cwx/4Hx8A/dFlBU=</latexit>

ω4

<latexit sha1_base64="CojaYiQsx0rwuH3mGOh7KJ9Wl8s=">AAAB+XicbVA9TwJBEJ3DL8Qv1NLmIjGxIndG0ZJoY4mJCAkQsrfMwYbdu8vunAm58CdstbEztv4aE3+MC16h4KvezHuTmXlBIoUhz/t0Ciura+sbxc3S1vbO7l55/+DBxKnm2OSxjHU7YAaliLBJgiS2E41MBRJbwfhmprceURsRR/c0SbCn2DASoeCMbKvdpRES61/0yxWv6s3hLhM/JxXI0eiXv7qDmKcKI+KSGdPxvYR6GdMkuMRpqZsaTBgfsyF2LI2YQtPL5vdO3ZMw1q7d7M7r396MKWMmKrAexWhkFrVZ818tUAs7KbzqZSJKUsKI2xGrhal0KXZnMbgDoZGTnFjCuBb2apePmGacbFglG4e/+PwyeTir+rVq7e68Ur/OgynCERzDKfhwCXW4hQY0gYOEJ3iGFydzXp035/3HWnDymUP4A+fjG/jTlBY=</latexit>

ω5

<latexit sha1_base64="PraymjRyvCw+QqvP+LfDTW12YDs=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES79f65YpbdRdgq8TLSQVyNPrlr94gFmmIEQnFjel6bkJ+xjVJoXBW6qUGEy4mfIRdSyMeovGzxb0zdjaMNbOb2aL+7c14aMw0DKwn5DQ2y9q8+a8WhEs7aXjtZzJKUsJI2BGrDVPFKGbzGNhAahSkppZwoaW9mokx11yQDatk4/CWn18lrYuqV6vW7i8r9Zs8mCKcwCmcgwdXUIc7aEATBCh4gmd4cTLn1Xlz3n+sBSefOYY/cD6+AfphlBc=</latexit>

ω6

Might gapping the axions pin the 
value of             in each bubble?

<latexit sha1_base64="exfUFFmyj1uJDETtia/CA0mp7cE=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCGzI7NDBh9pGZXhOy4Se86sWb8erXmPgxDrgHBetU3VWd7q4gUdKQ6346hbX1jc2t4nZpZ3dv/6B8eNQycaoFNkWsYt0JuEElI2ySJIWdRCMPA4XtYHI719uPqI2MoweaJuiHfBTJoRScbKvTozES77v9csWtuguwVeLlpAI5Gv3yV28QizTEiITixnQ9NyE/45qkUDgr9VKDCRcTPsKupREP0fjZ4t4ZOxvGmtnNbFH/9mY8NGYaBtYTchqbZW3e/FcLwqWdNLz2MxklKWEk7IjVhqliFLN5DGwgNQpSU0u40NJezcSYay7IhlWycXjLz6+S1kXVq1Vr95eV+k0eTBFO4BTOwYMrqMMdNKAJAhQ8wTO8OJnz6rw57z/WgpPPHMMfOB/f8Q2UEQ==</latexit>

ω0

ZD Song et al. PRL 127, 016602 (2021)

But this is I invariant, implying 
percolating boundary modes and 

diffusive metallic phase



Conclusions

- Dynamical axionic phases are complicated to observe in condensed 
matter systems as well

- Magnetic catalysis might help out, but chemical potential competes 
against so 1st order transition is predicted

- Nucleation theory predicts a rather “universal” hysteresis behavior 
that permeates to several measurable properties

Thank you!

- This theory is based on the growth of  a single bubble, but many 
bubbles can be produced: Randomized theta vacuum


