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Basics of the quantum Hall effect and Wigner-Weyl
calculus



The Hall conductivity

The quantum Hall effect in (2+1)D

x
y

z

2D sample

Magnetic field B⃗

Electric field E⃗

Current I⃗

non-dissipative, topological response function: Hall conductivity Ix = σxy Ey , σxy = e2

h ν

integer/fractional quantum Hall effect (IQHE/FQHE): ν is an integer/fraction
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visualization: topological quantum Hall plateaus ∆B in the (ρxy -B)−plane

→ Landau level quantization of electrons in an external magnetic field

resistivity matrix ρ =
(
ρxx ρxy

ρyx ρyy

)
, ρxx = ρyy (rotationally invariant sample)

conductivity matrix σ = ρ−1, σxx = σyy = ρxx
ρ2

xx + ρ2
xy
, σxy = −ρxy

ρ2
xx + ρ2

xy

on a Hall plateau: ρxy = −ρyx = h
e2

1
ν , ρxx = ρyy = 0 ⇒ σxx = 0, σxy = − 1

ρxy

h
e2 : von Klitzing constant, can be measured very precisely
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IQHE vs. FQHE

Landau level quantization in an external magnetic field:

IQHE: gapped ground state due to Landau level energy gap (ωc = eB
me

)
FQHE: gapped (!) due to strongly correlated electrons (V (lB) = e2

ϵlB , lB ∼ 1√
B )
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Wigner-Weyl formalism (in (2 + 1) dimensions, e = ℏ = 1)

Weyl symbol of an operator:

Ô =
∫ d3k

(2π)3
d3p

(2π)3 d3yd3xOW (x , p)ei(k(x−x̂)+y(p−p̂))

configuration space representation:

⟨x |Ô|y⟩ =O(x , y) = 1
(2π)3

∫
d3pOW (x + y

2 , p)eip(x−y)

⇔OW (R, p) =
∫

d3yO(R + y
2 ,R −

y
2 )e−ipy

momentum space representation:

⟨p|Ô|k⟩ =Õ(p, k) = 1
(2π)3

∫
d3xOW (x , p + k

2 )ei(k−p)x

⇔OW (R, p) =
∫

d3kÕ(p + k
2 , p −

k
2 )eikR
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on Hilbert space: operator product operation Ô = ÂB̂; on phase space:

OW (x , p) = AW (x , p) ⋆ BW (x , p); ⋆ = exp
( i

2
(←−−
(∂x )µ

−−→
(∂p)µ −

←−−
(∂p)µ

−−→
(∂x )µ

) )
Groenewold equation of the Weyl symbol of an operator Ô:

OW (x , p) ⋆ O−1
W (x , p) = 1 (Ô = Q̂ = ω − Ĥ, Ĝ = Q̂−1)

propagator matrix elements (time translation invariant):

G(x, y, ω) = ⟨x|(ω − Ĥ)−1|y⟩, G̃(p,q, ω) = ⟨p|(ω − Ĥ)|q⟩.

Feynman (or time ordered), Matsubara (or imaginary time ordered) Green functions

GF
W (x,p, ω) = GW (x,p, ω + i0+sign(ω))

/
GF (x , y) = −i⟨ψ(x)ψ̄(y)⟩PI

GM
W (x,p, ωn) = −iGW (x,p, iωn)

/
GM(x , y) = ⟨ψ(x)ψ̄(y)⟩PI (ωn = (2n + 1)πT n ∈ Z)
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The quantum Hall fluid: Non-perturbative fractional
topological phases



QFT for electrons with Coulomb interactions in Minkowski spacetime

Z =
∫

DψDψ̄DλeiS[λ]+i
∫

d3xψ̄Q̂[λ]ψ; S[λ] = 1
2

∫
d3zd3λ(z)V−1(z , z ′)λ(z ′),

Q̂[λ] = i∂0 − A0(z) + µ− λ(z) + 1
2mD2, D = ∂ + iA

the electric current:

jk(x) = i δ logZ
δAk

= i 1
Z
δZ
δAk

= − 1
Z

∫
DψDψ̄DλeiS[λ]+i

∫
d3xψ̄Q̂[λ]ψψ̄(x) δ

δAk
Q̂[λ]ψ(x)

at zeroth order of perturbation theory (λ = 0):

jk(x) = i
∫ d3p

(2π)3 Tr
[
GW (x , p)∂pk QW (x , p)

]
full inclusion of perturbative interactions (QW = QW − ΣW , GW = Q−1

W ):

jk(x) = i
∫ d3p

(2π)3 Tr
[
GW (x , p)∂pk QW (x , p)

]
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Topological vs. physical current for the interaction a = 0, Yukawa, QED

topological current (in Euclidean space):

Jk
top,a(x) = −

∫ d3p
(2π)3 Tr

[
(Ga)W (x , p) · ∂

∂pk
(Qa)W (x , p)

]
Jk

top,a = 1
βL2

∫
d3xJk

aa(x), · → ⋆

physical current (in Euclidean space):

Jk
a (x) = −

∫ d3p
(2π)3 Tr

[
(Ga)W (x , p) · ∂

∂pk
(Q0)W (x , p)

]
Jk

a = 1
βL2

∫
d3xJk

a (x), · → ⋆

inverse Dyson equation: (Qa)W = (Q0)W − (Σa)W with self-energy (Σa)W

perturbative non-renormalization theorem: Jk
top,a = Jk

a = Jk
0
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The composite fermion QFT model of Lopez and Fradkin

Z =
∫

DψDψDλDAµeiSCS [A]+iS[λ]+i
∫

d3xψQ̂[A,λ]ψ

S[λ] = 1
2

∫
d3xd3x ′λ(x)V−1(x , x ′)λ(x ′), SCS [A] = θ

4

∫
d3xϵµνρAµFνρ,

Q̂[A, λ] = i∂0 − A0(x)−A0(x) + µ− λ(x) + 1
2mD2, D = ∂ + iA(x) + iA(x)

θ = 1/(2π 2s), s ∈ Z to trivialize linking number contributions
mean field approximation: external electromagnetic fields are screened by the statistical
electromagnetic field, maps FQHE to the IQHE
homogeneous mean field solution of the field equations

θB = −ρ̄, θE i = ϵij j̄ j , λ = 0, ρ̄ = ⟨ψ̄ψ⟩, j̄k =
〈
ψ̄

(−i)Dk

m ψ
〉
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Screening and fractional quantization at the mean field level

assume p Landau levels are occupied for Beff (principal Jain series)

ρ̄ = p
2πBeff ; Beff = B + B = B − ρ̄

θ
= B − 2spBeff ⇔ Beff = B

1 + 2sp

j̄ = p
2πEeff ; Eeff = E + E = E − j̄/θ = E − 2sp Eeff ⇔ Eeff = E

1 + 2sp

j̄ = p
2πEeff = 1

2π
p

1 + 2sp E ⇔ σxy = 1
2π

p
1 + 2sp (T ≈ 0)

p = N = T
3!4π2A

∫
d3p d3x ϵµνρ Tr

[
(Geff )W (x , p) ⋆ ∂(Qeff )W (x , p)

∂pµ

⋆ (Geff )W (x , p) ⋆ ∂(Qeff )W (x , p)
∂pν

⋆ (Geff )W (x , p) ⋆ ∂(Qeff )W (x , p)
∂pρ

]
minimal fractional charge of quasiparticles/holes: eqp/h = ±e(1 + 2sp)−1
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Relativistic field theory in macroscopic motion: The
Zubarev statistical operator



Zubarev statistical operator method

relativistically covariant formulation of the statistical operator

• assumption 1: spacetime possesses foliation into a family of spacelike
hypersurfaces Σσ parametrized by ”time” σ with normal vector field n

• assumption 2: continuous medium (hydrodynamical) approximation is valid
• assumption 3: local thermalization timescale ∆τ ≪ ∆t with ∆t a characteristic

time scale of interest (LTE)
• assumption 4: global thermalization of the physical system of interest (GTE)

the Zubarev statistical operator is constructed from conserved current densities which
characterize the system macroscopically
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statistical operator from the maximum entropy principle with constraints:

nµ(x)Tr(ρ̂T̂µν(x)) = nµ(x)Tµν
cm (x), nµ(x)Tr(ρ̂ĵµ(x)) = nµ(x)jµcm(x)

under Poincaré symmetry: Tµν ≡ Tµν
BR

/
Tµν

g or Tµν ≡ Tµν
can plus Mµνρ

can

ρ̂LTE = 1
ZLTE

exp
(
−
∫

Σσ

dΣσnµ(T̂µν(x)βν(x)− ĵµ(x)ζ(x))
)

Tr(ρ̂LTE ) = 1, timelike βµ = βuµ, uµuµ = 1, ζ = βµ

nµ(x)Tµν
LTE [β, ζ, n](x) = nµ(x)Tµν

cm (x), nµ(x)jµLTE [β, ζ, n](x) = nµ(x)jµcm(x)

Tµν
LTE [β, ζ, n](x) = Tr(ρ̂LTE T̂µν(x)), jµLTE [β, ζ, n](x) = Tr(ρ̂LTE ĵµ(x))
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Quantum electrodynamics under macroscopic motion in GTE

macroscopic motion Hamiltonian:

ρ̂GTE = 1
ZGTE

exp
(
−
∫

dΣβHmm
)
, βHmm = nµ(x⃗)

(
T̂µν(x⃗)βν(x⃗)− ĵµ(x⃗)ζ(x⃗))

)
→ we converted this Hamiltonian into a Lagrangian via path integral methods
Dirac Lagrangian + gauge field Lagrangian:

L(ψ,ψ, λµ) = ψ(x)
( i

2γ
µ
↔
Dµ −m

)
ψ(x)− 1

4FµνFµν

Dµ = ∂µ − ieλµ, Fµν = ∂µλν − ∂νλµ,
↔
Dµ =

→
Dµ −

←
Dµ

Dirac field and gauge field BR energy momentum tensors:

Tµν
ψ (x) = i

4ψ(x)
(
γµ
↔
Dν + γν

↔
Dµ
)
ψ(x)

Tµν
λ (x) = F ρµ(x)F νρ(x) + 1

4gµν(x)Fρσ(x)F ρσ(x)
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GTE condition:

d ρ̂
dσ = 0, log ρ̂ = −log(Z )−

∫
dΣσβnµgµν

(
(T̂ νρ

ψ + T̂ νρ
λ )uρ −

∑
i
µi ĵνi

)

⇒ 0 = ∂ν
(
T̂ νρβuρ −

∑
i

ĵνi βµi
)

= T̂ νρ∂νβuρ −
∑

i
ĵνi ∂νβµi

(employ Stokes’ theorem + operators vanish at spacelike infinity, currents are
conserved)

solution (uniform linear motion, rotation and accelerated motion at finite density):

βµi = ζi = const., βρ = βuρ = bρ + ωρσxσ, bρ, ωρσ = const., ωρσ = −ωσρ
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Macroscopic motion under full Poincaré symmetry
(translations, rotations, boosts)
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More on the path integral formulation

Z[n(x), u(x), β(x), µi(x), h] =
∫

DψDψ̄Dλµ ei
∫

d4x L(ψ,ψ,λµ)

U(x⃗) = β(t0, x⃗)
B(x⃗) u(t0, x⃗), µ(x⃗) = β(t0, x⃗)

B(x⃗) µ(t0, x⃗), Σσi → Σσf (h) = {(hB(x⃗), x⃗)|⃗x ∈ Σ}
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Final effective Lagrangian comprising macroscopic motion

L(ψ,ψ, λµ) =ψ
(
γµ

i
2
↔
Dµ −m

)
ψ +

∑
i
µi j0

i

+Uk
(
ψγ0

( i
8 [γj , γk ](

←
Dj + Dj)−

i
2
↔
Dk
)
ψ
)

+ 1
2
(
E iE i − B iB i

)
+ 1

2
(
U⃗2B iB i − (BjU

j)(BiU
i)
)
− ϵijkEiBjU

k

B(x⃗) = β(t0, x⃗)u0(t0, x⃗) ⇔ Uµ(x⃗) = uµ(t0, x⃗)
u0(t0, x⃗) , µ(x⃗) = µ(t0, x⃗)

u0(t0, x⃗)

Ei = Fµinµ, Bi = −1
2ϵµijkF jknµ
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The quantum Hall fluid in macroscopic motion



Relativistic extension of the model by Lopez and Fradkin

Z =
∫

DψDψ̄DλµDAµeiSCS [A]+iSg [λ]+i
∫

d3xψ̄Q̂[A,A,λ]ψ

Sg = − 1
4e2

∫
d4x(∂[µ(A + λ)ν])2 +

∫
d4xLgf [A + λ], SCS = θ

4

∫
d3xϵijkAiFjk

Dirac operator in the laboratory frame:

Q̂L
eff = iγ0∂t − γ0(At − Ex) + µrelγ

0 − γµλµ + γk
(
i∂k + Bxŷk −Ak

)
−mrel

boosted Dirac operator in the Hall fluid frame (|v | ≪ 1):

Q̂F
eff = iγ0∂t + µrelγ

0 + γk
(
i∂k + Beff x ŷk

)
−mrel
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The Zubarev statistical operator for the Hall fluid in GTE

ρ̂ = 1
Z e−

∫
Σ d4xβnµ(Tµνuν−µjµ), Hmm = nµ(Tµνuν − µjµ)

Z[U] =
∫

DψDψ̄DλµDAµeiSCS [A]+i
∫

d3xLf (ψ,ψ,A,λ,A,U)+i
∫

d4xLg (A,λ,A,U)

Lf (ψ,ψ,A, λ,A,U) = ψ
(
γµ

i
2
↔
Dµ −m

)
ψ + Ukψγ

0
( i

8 [γj , γk ](
←
Dj + Dj)−

i
2
↔
Dk
)
ψ

Lg(A, λ,A,U) = 1
2e2 (Ẽi + Λ̃i)2 − 1

2e2 (B + Λ)2

we assume constant external electric field E and magnetic field B (→ no cross terms)

Ẽi = Ei − ϵijBUj , Λ̃i = Λi − ϵijΛUj , Λi = ∂[0λi], Λ = −ϵ0ij∂[iλj]/2
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gauge choice: Uµ = uµ/u0, non-relativistic limit u0 ≈ 1 ⇒ Uµ ≈ uµ

the state with nonzero electric field can not be stable due to pair production, unless

Ui = ϵijEj/B = ϵijEj/B ⇒ boost into the Hall fluid frame where E is zero
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Dirac composite fermions in the lowest Landau level

comparison with the (particle-hole symmetric) Dirac composite fermion lowest Landau
level projected theory (relates states with ν = 1

2 ± δ):
Dirac fermions are necessarily massless to ensure particle-hole symmetry
in addition there is no Landau level mixing, as ωc = eB

m →∞ for m→ 0

ϵµνλ
Fνλ
2B ψ

i
2
↔
Dµψ = ψγ0 i

2
↔
D0ψ − Ukψγ

0 i
2
↔
Dkψ (dipole term)

1
2
∇iE i

2B ψψ ∼= Ukψγ
0 i
8 [γj , γk ](

←
Dj + Dj)ψ (vorticity term)

more generally: Ui = ϵij(Ej − ∂jλ0)/B, λj = ∂jϕ fix gauge for λµ: ϕ→ 0

the fermionic actions are identical, but the topological couplings are different
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Perturbative non-renormalization of the (fractional) Hall
conductivity



the non-renormalization of the current for E ̸= 0 (laboratory frame) is reduced to the
non-renormalization of the density for E = 0 (Hall fluid frame)

ρ = T
(2π)3A

∫
d3pd3xTr

[
GW (x , p) ⋆ ∂(Qeff )W (x , p)

∂p3

]

ρ′ = T
(2π)3A

∫
d3pd3xTr

[
GW (x , p) ⋆ ∂((Qeff )W − ΣW )(x , p)

∂p3

]

∆ρ = ρ− ρ′ != 0 under fluctuations of λ or λµ

we show that Aµ can not renormalize σxy via path integral methods for θ = 1/(2π 2s)

the setup becomes spatially periodic and rotationally invariant in the Hall fluid frame
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proof relates the perturbatively renormalized density contribution at each loop order to
a sum of so-called progenitor diagrams (Feynman diagrams without external density
insertion) supplemented by a total derivative operator inserted into the momentum
integral of a fermion loop identical to a loop momentum component (which therefore
vanishes identically)
symmetry factors present in the sum of progenitor diagrams are canceled exactly
(symmetry factors are absent after density insertions into the progenitor diagrams)
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Future research on the quantum Hall fluid

apply known techniques within the conductive response to viscoelastic responses:

• topological invariance of the Hall viscosity in theories with translational and
rotational invariance (both in integer and fractional quantum Hall phases)

• how are the topological invariants for the quantum Hall conductivity and the Hall
viscosity related to each other?

• how robust are the topological invariants relative to each other?
(inhomogeneities, anisotropy, disorder, finite temperature, time dependence...)
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Thank you for your attention and
interest!

This talk is based on:

“Non-renormalization of the fractional quantum Hall
conductivity by interactions.” arXiv:2502.04047
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