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Quantum Hall effect (QHE): Electric current orthogonal to electric field  

Chiral separation effect (CSE): Axial current in the presence of magnetic field 

Chiral vortical effect (CVE): Axial current in the presence of rotation

Chiral magnetic effect (CME): Vector current in the presence of magnetic field

And chiral disbalance

2d materials: QHE 3d Weyl semimetals: CSE, CME, QHE He3-A superfluid:CVE



We are going to extend the consideration 
to the non – Abelian versions of the chiral 
separation effect and quantum Hall effect. 

We also would like to obtain expression for 
chiral anomaly in the presence of external 
non  - Abelian gauge field in the case when 
topology of fermions in momentum space 
is nontrivial. 

(To the best of our knowledge this has not 
been done in the past)
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conventional Wigner – Weyl calculus
Weyl symbol of operator 

covariant   Wigner – Weyl calculus
Weyl symbol of operator 
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covariant Wigner – Weyl calculus             Star product 

Wilson loop
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Conventional QHE
(normal Wigner –Weyl calculus)

Abelian Vector current

Response to (chromo) Electric field in 2+1 D

Non – Abelian QHE 
(Covariant  Wigner – Weyl)

Non – Abelian vector current
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Conventional QHE
(normal Wigner –Weyl calculus) 

Abelian Vector current
Response to (chromo) Electric field in 2+1 D

Non – Abelian QHE 
(Covariant  Wigner – Weyl)
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Conventional QHE
(normal Wigner –Weyl calculus)

Abelian axial current

Response to (chromo) Magnetic field and μ in 3+1 D

Non – Abelian QHE 
(Covariant  Wigner – Weyl)

Non – Abelian axial current

CHIRAL SEPARATION EFFECT



CHIRAL SEPARATION EFFECT

Axial current along magnetic field in the presence of chemical potential

Momentum space

Fermi surface
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Chiral anomaly vs. Atiyah – Singer theorem

Principal symbol of operator O

anomaly 
Atiyah – Singer theorem



Chiral anomaly vs. Atiyah – Singer theorem

For the fermions with conventional Dirac operator

In general case (obtained in our work for the first 
time) 

Provided that the topology 
in coordinate space 
Is due to the gauge field A only



Derivation

Regularization: point splitting



Derivation

Noether current corresponding to chiral transformation

Variation of action

axial current:                   higher orders  in derivatives   



Derivation

axial current:                  higher orders  in covariant derivatives

Chiral anomaly:

With extra integration over x we have a divergent expression ➔
infrared regularization (integration over a finite region of space)
Expansion in powers of F: sum of
The terms with n> 1 are irrelevant in the limit 



Chiral anomaly:  

Up to the terms, which do not disappear in the limit 

We use the theorem
(averaging over directions)

Topology in coordinate space is due to the gauge field only



Chiral anomaly:  

Topology in coordinate space is due to the gauge field only



Chiral anomaly:  

Up to the terms, which do not disappear in the limit 

We use the theorem
(averaging over directions)

Topology in coordinate space is due to the gauge field only



Chiral anomaly:  

Up to the terms, which do not disappear in the limit 

We use the theorem
(averaging over directions)

Topology in coordinate space is due to the gauge field only



Chiral anomaly:  
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Example

Topology in coordinate space is due to the gauge field only

In Minkowski space – time: 
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Conclusions

• Covariant Wigner – Weyl calculus allows to represent in 

compact form the conductivities of non – dissipative 

transport phenomena in non – uniform systems.

• We consider in this respect the non – Abelian versions of 

quantum Hall effect and chiral separation effect. Their 

conductivities are the same as for their Abelian versions. 

• Chiral anomaly is equal to the product of the topological 

invariant responsible for the CSE and the number of 

instantons. This may have experimental consequences if 

Dirac operator is not linear in momentum in certain 

circumstances. 
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