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Summary

This topic [of quantum entanglement in HEP] does not seem to bring any 
new insight for new physics searches.


But it is a nice twist in the interpretation of good old spin correlations in 
top - antitop, and more… 


And it motivates the introduction of new observables.


It is quite fashionable now, and ATLAS and CMS are running to get the 
first measurements.


Measurements will make nice headlines as the `highest-energy ever´ 
tests of quantum mechanics, etc. 
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From your degree in physics, you will remember that the state of a system 
composed by two sub-systems A and B is separable if it can be written as


Otherwise, it is entangled, e.g. something like


A typical example of entanglement is the combination of two spin-1/2 
systems in the spin-0 configuration


Quantum entanglement implies that measurements on one subsystem 
affect the other instantaneously, even if there is a large spatial separation.
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Example: top pair production


qL anti-qL → t anti-t gives a spin configuration                  [in the qL direction]


This is obviously not entangled.


qR anti-qR → t anti-t gives a spin configuration 


Not entangled either.


g g → t anti-t at threshold gives


This one is entangled. 


 

5

<latexit sha1_base64="Bz/Y78Zt0oDWVqATy2gnvtfV3zk=">AAACGHicdZBLSwMxFIUz9VXrq+rSTbQIrsqMiHUlBTcuK9gHdErJpLczoZlkSDJKGftHBP+L4EIU3bjz35jWLrTVu/pyzwnJOUHCmTau++nkFhaXllfyq4W19Y3NreL2TkPLVFGoU8mlagVEA2cC6oYZDq1EAYkDDs1gcDHWmzegNJPi2gwT6MQkFKzPKDF21S1W7vx97CsWRoYoJW8tExFywL40LAaN/9G7xZJbdieD58GbQglNp9Ytvvo9SdMYhKGcaN323E5GlGGUw6jgpxoSQgckhLZFQezTnWwSb4QP+1JhEwGenH96MxJrPYwD64mJifSsNl7+pbVT0z/rZEwkqQFBrcVq/ZRjI/G4JdxjCqjhQwuEKmZ/iWlEFKHGdlmw4b3ZqPPQOC57p2Xv6qRUPZ/WkEd76AAdIQ9VUBVdohqqI4oe0BN6Q+/OvfPoPDsv39acM72zi36N8/EFqlygCw==</latexit>

|!i ⌦ |!i

<latexit sha1_base64="CW20uTr1vxTd+EbvE2waksCvfvs=">AAACFnicbVDLSsNAFJ3UV62vqEs3o0VwVRLxtZKCG5cV7AOaUCbTm3boJBNmJkqJ/Q/BfxFciFA3bv0bpzULbXtW595zLjPnBAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29hhKppFCnggvZCogCzmKoa6Y5tBIJJAo4NIPBzURvPoBUTMT3epiAH5FezEJGiTarjn3+5B1ij0OoiZTiEXuSxD0O2BOaRaDwYrljl52KMwWeJ25OyihHrWOPva6gaQSxppwo1XYdPyNSM8phVPJSBQmhA9KDtqExMS/72TTcCB+HQmLdBzyd/3ozEik1jALjiYjuq1ltslyktVMdXvkZi5NUQ0yNxWhhyrEWeNIR7jIJVPOhIYRKZn6JaZ9IQrVpsmTCu7NR50njtOJeVNy7s3L1Oq+hiA7QETpBLrpEVXSLaqiOKHpBb2iMPq1n69V6tz5+rQUrv9lH/2B9/QDeH58R</latexit>

| i ⌦ | i

<latexit sha1_base64="Cpu4Mq8f6t/z5HMe5VUCogcqTYQ="></latexit>

1p
2
(|"i ⌦ |#i � |#i ⌦ |"i)



Quantum entanglement                                                          3/8

Side note


Entanglement is routinely used for the measurement of time-dependent CP 
asymmetries in B decays, at the LHCb experiment, B factories, etc.


At the exact time one meson decays as B0, the other one is anti-B0


Entanglement is a genuinely quantum property of the systems.
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For mixed states the definition is more complicated. But, what were mixed 
states?


Pure states are those that are described by a vector       in Hilbert space, 
up to a phase.


Mixed states correspond to states with classical probabilities p1, p2, … pn 
for the system to be in pure states 


They are conveniently represented by a density operator


Of course, this is different from the pure state
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Example: top pair production


q anti-q → t anti-t is 50% of the time qL anti-qL and 50% of the time qR anti-
qR


Then, we have 50% of the time                   and 50%


Obviously, in q anti-q → t anti-t we do have t anti-t spin correlations. But 
not entanglement!


[Dropping anti- from now on…]

This example also illustrates the use of the density operator formalism. 
Otherwise, we could not describe q q → t t !
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Any operator cannot be a density operator. A valid density operator has 
several characteristics:


Unit trace


Hermitian


Positive semidefinite: eigenvalues ≥ 0


A density operator describing a composite system is separable if it can be 
written as


Note: in general, one has something like
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Necessary criterion for separability:


taking the transpose in subspace of B [for example] the resulting density 
operator is valid.


Example: composite system A ⊗ B with dim HA = n, dim HB = m
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Peres, quant-ph/9604005

Horodecki, quant-ph/9703004

Not easily tractable!
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To take away:


It is quite complicated to prove [analytically] that a composite system is in 
a separable state.


However, we are interested in showing that the system is entangled.


For that, simple sufficient conditions are enough.

11

😅
ρΤ2 non-positive ⇒ ρΤ2 not valid ⇒ system entangled

Showing this for a single  
vector is enough

simple 
conditions
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Top quarks have spin 1/2, as it is well known.


This corresponds to a Hilbert space H of dimension 2

I have mentioned that a valid density operator is Hermitian and with unit 
trace. Therefore, I can `expand´ it in terms of Pauli matrices as


The Bi are constants and correspond to the top polarisation . There are 
additional degrees of freedom [momentum] that we can integrate out, or 
consider a specific region in phase space.


The spin of the top quark cannot be directly measured, but statistically the 
spin state can be determined from angular distributions.
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The charged lepton distribution in the top quark rest frame, with respect 
to any axis n, is

14

<latexit sha1_base64="aHNRWDgIO5unsWX3a1kfoEfNVRA="></latexit>

1

�

d�

d cos ✓
=

1

2
(1 + ↵Pn̂ cos ✓)

The charged lepton distribution allows to measure expected 
value of spin operators for the top quark / antiquark

constant that depends 
on decay product: α = 1 

for charged lepton

Polarisation:

2 × <S>



Top pair production                                                               3/5

When we have a top-antitop pair, we have a composite system of two 
spin-1/2 particles. 


The `spin space´ is HA ⊗ HB, of dimension 2 × 2. 


The density operator for the top-antitop pair can be written as
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spin correlationspolarisation of top polarisation of anti-top

The identification of the coefficients with polarisations, etc. can be done by calculating 
expected values of spin operators
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Again, the B and C coefficients characterising the spin state of top pair 
production can be measured from the charged lepton distributions, fixing a 
reference system
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l+ from top: θa φa

l− from anti-top: θb φb
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The corresponding 4-dimensional distribution for the charged leptons is 
maybe a bit frightening


but with suitable integrations the coefficients in red can be extracted from 
LHC data. And they have been. 
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polarisation of top

polarisation of anti-top

spin 
correlations
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+ ↵a↵b sin ✓a sin ✓b (C12 cos'a sin'b + C21 sin'a cos'b)

+ ↵a↵b (C13 sin ✓a cos'a cos ✓b + C31 cos ✓a sin ✓b cos'b)

+ ↵a↵b (C23 sin ✓a sin'a cos ✓b + C32 cos ✓a sin ✓b sin'b)

+↵a↵bC33 cos ✓a cos ✓b]

normalisation

ATLAS, 1612.07004

CMS, 1907.03729
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I have mentioned that simple sufficient conditions for entanglement can be 
written.


For the case of the top quark, some of these conditions are


These remarkably simple conditions result from requiring                        for 
strategically-chosen vectors a


The coefficients Cij are just the ones ATLAS and CMS have measured

19

<latexit sha1_base64="5HpQUSjqcOpLbtZLsLitn4YO+RM="></latexit>

|C11 + C22| > 1 + C33

|C11 � C22| > 1� C33

ATLAS, 1612.07004

CMS, 1907.03729

Observables already measured by ATLAS and CMS allow to 
test the entanglement of the top pair

<latexit sha1_base64="meafZ3/8rGg7AuVn+TxdnNZ5/K8=">AAACB3icbVDLSsNAFJ3UV62vqEs3g1VwVZIi6kKk4MZlhb6giWEyvWmHTh7MTIQS+wH6M7oSdefeH/BvnLZZaOtZnXvPuXDP8RPOpLKsb6OwtLyyulZcL21sbm3vmLt7LRmngkKTxjwWHZ9I4CyCpmKKQycRQEKfQ9sfXk/09j0IyeKooUYJuCHpRyxglCi98swjh5OozwET/IAdMYjvsoZXHevRETPhElueWbYq1hR4kdg5KaMcdc/8cnoxTUOIFOVEyq5tJcrNiFCMchiXnFRCQuiQ9KGraURCkG42TTPGx0EssBoAns6/vRkJpRyFvvaERA3kvDZZ/qd1UxVcuBmLklRBRLVFa0HKsYrxpBTcYwKo4iNNCBVMf4npgAhCla6upOPb82EXSatasc8q9u1puXaVF1FEB+gQnSAbnaMaukF11EQUPaEX9I4+jEfj2Xg13mbWgpHf7KM/MD5/AI4Dl7g=</latexit>

ha|⇢T2ai < 0
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There is a dependence of the Cij coefficients on the kinematics.


In the helicity basis:

20

K: top helicity R: ⊥ in production plane N: ⊥ to K and N
<latexit sha1_base64="hq7v8IFmoirIoMkKQxfwX4YFAhg=">AAAB9HicdZDNTgIxFIU7+If4N+jSTSMxcTXpKKOw0JC4cYmJIAlMSKcUaOj8pL2DIYQ30ZVRdz6JL+DbWEZM1OhZfb3nNLn3BIkUGgh5t3JLyyura/n1wsbm1vaOXdxt6jhVjDdYLGPVCqjmUkS8AQIkbyWK0zCQ/DYYXc792zFXWsTRDUwS7od0EIm+YBTMqGsXO0MKeITPcQZJF7p2iTjEq3ouwcTxiFs9mUO1Wil7HnYdkqmEFqp37bdOL2ZpyCNgkmrddkkC/pQqEEzyWaGTap5QNqID3jYY0ZBrf5qtPsOH/VhhGHKcvb9npzTUehIGJhNSGOrf3nz4l9dOoV/xpyJKUuARMxHj9VOJIcbzBnBPKM5ATgxQpoTZErMhVZSB6algzv+6Ef8PzWPHPXXc63KpdrEoIo/20QE6Qi46QzV0heqogRi6Qw/oGb1YY+veerSePqM5a/FnD/2Q9foB6iqQ1w==</latexit>

k̂ = p̂t
<latexit sha1_base64="U2r+azsXqQXxwyX4vYP1lJIulWc="></latexit>

r̂ / [p̂p � (p̂p · p̂t)k̂]
<latexit sha1_base64="YpnEkb9l2DD8nuGg7O/EfsGRgUE=">AAACAHicdVDLSgMxFM3UV62vqksRgkVwNWS0o52FUnDjsoJ9QFtKJk3b0MyD5I5QSjf6M7oSdec3+AP+jZm2goqe1bn3nHBzjh9LoYGQDyuzsLi0vJJdza2tb2xu5bd3ajpKFONVFslINXyquRQhr4IAyRux4jTwJa/7w8tUr99ypUUU3sAo5u2A9kPRE4yCWXXy+60BBRziczwlQ9wCEXA9m1QnXyA2cT3XIZjYLnG8k5R4XqnoutixyRQFNEelk39vdSOWBDwEJqnWTYfE0B5TBYJJPsm1Es1jyoa0z5uGhtTcao+nMSb4sBcpDAOOp/N375gGWo8C33gCCgP9W0uXf2nNBHql9liEcQI8ZMZitF4iMUQ4bQN3heIM5MgQypQwv8RsQBVlYDrLmfhfGfH/pHZsO6e2c10slC/mRWTRHjpAR8hBZ6iMrlAFVRFD9+gRvaBX6856sJ6s55k1Y83f7KIfsN4+ARcAlWM=</latexit>

n̂ = k̂ ⇥ r̂

1 → K axis; 2 → R axis; 3 → N axis

Notice: Cnn < 0
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Since Cnn < 0, one of the sufficient conditions is stronger:

21

<latexit sha1_base64="QEahPuaYgAYANsEFGoT6clGoPVk=">AAACAnicdZDLSgMxGIUz9VbrrerShcEiCOKQ0Y7ajQhuXFawF2hLyaRpGyaTGZKMUKaz05fRlag7H8EX8G3M1Aoq+q++/OcE/nO8iDOlEXq3cjOzc/ML+cXC0vLK6lpxfaOuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDc+/yPTGDZWKheJajyLaCfBAsD4jWJtVt7g9vugmvp/CfWhAyhSO4UGGQqTwDDrdYgnZyK24DoLIdpFTOcqgUjktuy50bDSZEphOtVt8a/dCEgdUaMKxUi0HRbqTYKkZ4TQttGNFI0x8PKAtgwIHVHWSSZAU7vZDCfWQwsn7uzfBgVKjwDOeAOuh+q1ly7+0Vqz7p52EiSjWVBBjMVo/5lCHMOsD9pikRPORAUwkM1dCMsQSE21aK5j4Xxnh/1A/tJ1j27kql87PpkXkwRbYAXvAASfgHFyCKqgBAu7AA3gGL9atdW89Wk+f1pw1/bMJfoz1+gH3IZXJ</latexit>

|Ckk + Crr|� Cnn > 1

Near threshold:

Ckk + Crr < 0

Measure − Ckk − Crr −  Cnn

Boosted, central:
Ckk + Crr > 0
Measure  Ckk + Crr −  Cnn
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ATLAS and CMS are pursuing a measurement at threshold using the D 
observable, related to the angle between the two leptons

22

<latexit sha1_base64="ak702uhkktz0quVdbipplOJbsG4="></latexit>

1

�

d�

d cos ✓ab
=

1

2
(1 + ↵a↵bD cos ✓ab)

<latexit sha1_base64="WhxMty3L+x9wlvaTlTsyDqlhxgs=">AAACDXicbZDLSgMxFIbP1Futt6pLN8EiVIUyaUXdKIW6cFnBXqAtJZNm2tDMhSQjlGGeQV9GV6Lu3PgCvo1pnYVWz+rL+f/A+X8nFFxp2/60MguLS8sr2dXc2vrG5lZ+e6epgkhS1qCBCGTbIYoJ7rOG5lqwdigZ8RzBWs64NtVbd0wqHvi3ehKynkeGPnc5Jdqs+vmjK3SBuq4kNMZJXElQsdaPMU7QMTJQLqdQqSSH/XzBLtmzQX8Bp1CAdOr9/Ed3ENDIY76mgijVwXaoezGRmlPBklw3UiwkdEyGrGPQJx5TvXiWKUEHbiCRHjE0e//0xsRTauI5xuMRPVLz2nT5n9aJtHvei7kfRpr51FiM5kYC6QBNq0EDLhnVYmKAUMnNlYiOiKlGmwJzJj6eD/sXmuUSPi3hm5NC9TItIgt7sA9FwHAGVbiGOjSAwgM8wSu8WffWo/VsvXxbM1b6Zxd+jfX+BfIkmDQ=</latexit>

D =
1

3
(C11 + C22 + C33)

Entanglement test at threshold: −3D −1 > 0
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Possible improvement: consider events that are more central: upper cut on  
tt velocity β in LAB frame 


23

JAAS, Casas,2205.00542

opposite contributions from qq and gg sub-processes


The upper cut reduces the qq fraction.
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What about the boosted central region?


The relevant quantity to test is Ckk + Crr −  Cnn and there is no specific 
observable for this combination [one can however measure C’s and sum]


Let’s build a new one!

24

Use the mirror image of l− momentum, 
reflected in the K-R plane

<latexit sha1_base64="JmpWjvzw6Ys3l6Ir13bZcwABqv4="></latexit>

1

�

d�

d cos ✓0ab
=

1

2
(1 + ↵a↵bD3 cos ✓

0
ab)

<latexit sha1_base64="8wsVTZgPddPX9OerUXBcxyasp40=">AAACEHicbZDLSgMxGIUz9VbrrerSTbAIFWmZdETdKIW6cFnBXqAdhkyaaUMzF5KMUIZ5CX0ZXYm6E1/AtzGts9DWf/XlPyfwn+NGnEllml9Gbml5ZXUtv17Y2Nza3inu7rVlGAtCWyTkoei6WFLOAtpSTHHajQTFvstpxx03pnrnngrJwuBOTSJq+3gYMI8RrPTKKVauHQtewr4nMElQmlgpLDecBKEUnkANtVoKK1OwrPQYOsWSWTVnAxcBZVAC2TSd4md/EJLYp4EiHEvZQ2ak7AQLxQinaaEfSxphMsZD2tMYYJ9KO5nFSuGRFwqoRhTO3r+9CfalnPiu9vhYjeS8Nl3+p/Vi5V3YCQuiWNGAaIvWvJhDFcJpO3DABCWKTzRgIpi+EpIR1t0o3WFBx0fzYRehXauisyq6PS3Vr7Ii8uAAHIIyQOAc1MENaIIWIOARPIM38G48GE/Gi/H6Y80Z2Z998GeMj2+UCJkG</latexit>

D3 =
1

3
(C11 + C22 � C33)

Entanglement test for boosted region: 3D3 −1 > 0

JAAS, Casas,2205.00542



Top pair entanglement                                                            7/8

Why dedicated observable?


If one measures Ckk, Crr and Cnn independently, and performs the sum, the 
statistical uncertainty is larger. 


Systematic uncertainties require a detailed study.


Measuring Ckk, Crr and Cnn requires full reconstruction of the K, R and N 
axes. Measuring the angle θ´ab only requires to reconstruct the N axis.

25

however
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How much is the improvement?


Setting systematics aside, there is an improvement of the statistical 
uncertainty of the `entanglement indicator´ E = |Ckk + Crr| − Cnn − 1


Near threshold there are quite large statistics, but in the boosted central 
region there are not. 


1.23 × improvement in statistical sensitivity for the boosted region is 
equivalent to 50% more luminosity!

26

threshold [β]

boosted [D3]

1.27 ×

1.23 ×

<latexit sha1_base64="ZNoXa3/W42gTlV3qENKkgwsPuyA=">AAACJ3icbVDLSgMxAMzWV62vqkcvwSJ4KrtiW+tBCip4rGAf0F1KNk3b0GyyJlmlLP0g/RZBT2K9+SemdfHROpdMZiaQGT9kVGnbHluphcWl5ZX0amZtfWNzK7u9U1cikpjUsGBCNn2kCKOc1DTVjDRDSVDgM9LwB+cTv3FHpKKC3+hhSLwA9TjtUoy0kdrZi8tT6N5GqAPtfKFQhm4YGGY7pUR1meA9SXt9jaQU99/ZYuknW25nc+acAs4TJyE5kKDazj65HYGjgHCNGVKq5dih9mIkNcWMjDJupEiI8AD1SMtQjgKivHjadgQPukJC3Sdwev+djVGg1DDwTSZAuq9mvYn4n9eKdPfEiykPI004NhHjdSMGtYCT0WCHSoI1GxqCsKTmlxD3kURYm2kzpr4zW3ae1I/yTjHvXB/nKmfJEGmwB/bBIXBACVTAFaiCGsDgEbyAMXi3Hqxn69V6+4qmrOTNLvgD6+MTvKOheA==</latexit>

E : 0.559± 0.017 �! 0.679± 0.019

<latexit sha1_base64="zmJMPODYNT033uKQCcK7Te2aw94=">AAACJ3icbVBNS8MwAE3n15xfU49egkPwNFo/OvUgAxU8TnAfsJaRZmkbljY1SZUx9oP0twh6EufNf2I2K+r0XfLy3gvkPS9hVCrTHBm5mdm5+YX8YmFpeWV1rbi+0ZA8FZjUMWdctDwkCaMxqSuqGGklgqDIY6Tp9c7GfvOWCEl5fK36CXEjFMTUpxgpLXWK5xcn0LlJUReaZbtiQSeJNDPt40x1GI8DQYNQISH43XfW3v/KHtqdYkmfE8C/xMpICWSodYqPTpfjNCKxwgxJ2bbMRLkDJBTFjAwLTipJgnAPBaStaYwiIt3BpO0Q7vhcQBUSOLn/zA5QJGU/8nQmQiqU095Y/M9rp8o/cgc0TlJFYqwj2vNTBhWH49FglwqCFetrgrCg+pcQh0ggrPS0BV3fmi77lzT2ypZdtq4OStXTbIg82ALbYBdYoAKq4BLUQB1g8ACewQi8GffGk/FivH5Gc0b2ZhP8gvH+AbaXoXQ=</latexit>

E : 0.671± 0.069 �! 0.663± 0.056

LHC Run 2 139 fb-1
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Bell-like inequalities hold for classical systems. Their violation implies 
quantum mechanics.


In particular, the violation implies that the quantum system is not described 
by hidden variables.

Bell-like inequalities are based on measurements on two separate sub-
systems A [Alice] and B [Bob], of photons, electrons, …


Experiments usually performed measuring spins


28



Bell inequalities                                                                      2/5

A useful formulation of Bell-like inequalities is provided by the so-called 
CHSH inequalities for two systems A (Alice) and B (Bob).


Alice measures two spin observables A, A´. Bob measures two spin 
observables B, B´. [Both normalised to unity]. Then, clasically:


29

<latexit sha1_base64="AD5ebOdfGCzwrOmL2uCcL49PWjc=">AAACRHicbZBLTwIxFIU7+EJ8oS7dNBKDiZHMEKOuDOLGJSbySICQTrkDDZ2HbceEIH9PN/4B/4OujLozdmCiCNzV6XdOm95jB5xJZZovRmJhcWl5JbmaWlvf2NxKb+9UpB8KCmXqc1/UbCKBMw/KiikOtUAAcW0OVbt3FfnVexCS+d6t6gfQdEnHYw6jRGnUSpMH3ODE63DAl0XcEGN5PAGzv/Toj2aLcymeSEcPwx3Ot9IZM2eOBs8KKxYZFE+plX5utH0auuApyomUdcsMVHNAhGKUwzDVCCUEhPZIB+paesQF2RyMqhjiA8cXWHUBj86T2QFxpey7ts64RHXltBfBeV49VM55c8C8IFTgUR3RnhNyrHwcNYrbTABVvK8FoYLpX2LaJYJQpXtP6fWt6WVnRSWfs05z1s1JpnARF5FEe2gfHSILnaECukYlVEYUPaE39Im+jEfj1Xg3PsbRhBHf2UX/xvj+AZ5SrO8=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|  2

Clauser, Horne, Shimony, Holt, ‘69

One can show violation of CHSH inequalities if 
one finds spin observables A, A´ for Alice and B, B´ 

for Bob such that the inequality is violated.

in a given 
quantum state!

these are spin correlation observables!
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The CHSH inequalities involve spin correlations. Therefore, for a particle of 
spin 1/2, they involve the Cij spin-correlation coefficients [seen for top pair 

production]


It can be shown that the maximum of the l.h.s. 


is given by 


where λ1 and λ2 are the two largest eigenvalues of the positive definite 
matrix CTC


30

<latexit sha1_base64="Q2WVceYLO6LWVlR00CSfi5IFM7I=">AAACPXicbZDLTgIxFIY7eEO8oS7dNBKDiZHMGKOuDOLGJSZyiQwhnXKAhs4lbceEDDybPoAv4APoyqg7txaYKAJn9fX//ybn/E7AmVSm+WIkFhaXlleSq6m19Y3NrfT2Tln6oaBQoj73RdUhEjjzoKSY4lANBBDX4VBxutdDv/IAQjLfu1O9AOouaXusxShRWmqk7/vY5sRrc8BXBWyLMR5PiNlf9ehPzRbmqngi3W+kM2bOHA2eBSuGDIqn2Eg/202fhi54inIiZc0yA1WPiFCMchik7FBCQGiXtKGm0SMuyHo06mCAD1q+wKoDePSezEbElbLnOjrjEtWR095QnOfVQtW6qEfMC0IFHtUR7bVCjpWPh1XiJhNAFe9pIFQwvSWmHSIIVbrwlD7fmj52FsonOessZ92eZvKXcRFJtIf20SGy0DnKoxtURCVE0RN6Q5/oy3g0Xo1342McTRjxn130b4zvH7ICqpk=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|

<latexit sha1_base64="YblrFWY2SLEzJPni5ihweBmL8UE=">AAACAXicbZDLSgMxFIbP1Futt1GXggSLIAhlpoi6koIblxXsBdphyKRpG5q5mJwRytCVvoyuRN35Cr6Ab2NaK2jrWX05/38g/x8kUmh0nE8rt7C4tLySXy2srW9sbtnbO3Udp4rxGotlrJoB1VyKiNdQoOTNRHEaBpI3gsHlWG/ccaVFHN3gMOFeSHuR6ApG0ax8e79M2vpWYdaW5qhDfZcckx8uj3y76JScyZB5cKdQhOlUffuj3YlZGvIImaRat1wnQS+jCgWTfFRop5onlA1oj7cMRjTk2ssmOUbksBsrgn1OJu/f3oyGWg/DwHhCin09q42X/2mtFLvnXiaiJEUeMWMxWjeVBGMyroN0hOIM5dAAZUqYXxLWp4oyNKUVTHx3Nuw81Msl97TkXp8UKxfTIvKwBwdwBC6cQQWuoAo1YPAAT/AKb9a99Wg9Wy/f1pw1vdmFP2O9fwEHjZXk</latexit>

2
p

�1 + �2

Horodecki, Horodecki, Horodecki, ‘ 95
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However, statistical fluctuations bias the eigenvalues of CTC towards larger 
values


… this `optimal´ procedure is not as good as it seems, and simpler ways 
are more robust and equally effective!

31

Example: μ = 1, σ = 0.2

Severi et al.  2110.10112
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Take simple choice of [non-commuting] spin observables

32

<latexit sha1_base64="Q2WVceYLO6LWVlR00CSfi5IFM7I=">AAACPXicbZDLTgIxFIY7eEO8oS7dNBKDiZHMGKOuDOLGJSZyiQwhnXKAhs4lbceEDDybPoAv4APoyqg7txaYKAJn9fX//ybn/E7AmVSm+WIkFhaXlleSq6m19Y3NrfT2Tln6oaBQoj73RdUhEjjzoKSY4lANBBDX4VBxutdDv/IAQjLfu1O9AOouaXusxShRWmqk7/vY5sRrc8BXBWyLMR5PiNlf9ehPzRbmqngi3W+kM2bOHA2eBSuGDIqn2Eg/202fhi54inIiZc0yA1WPiFCMchik7FBCQGiXtKGm0SMuyHo06mCAD1q+wKoDePSezEbElbLnOjrjEtWR095QnOfVQtW6qEfMC0IFHtUR7bVCjpWPh1XiJhNAFe9pIFQwvSWmHSIIVbrwlD7fmj52FsonOessZ92eZvKXcRFJtIf20SGy0DnKoxtURCVE0RN6Q5/oy3g0Xo1342McTRjxn130b4zvH7ICqpk=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|

<latexit sha1_base64="3Rnnbwci9iBD//8rMUKkjabPgaQ=">AAAB9HicdZDLSgMxGIUz9VbrbapLN8EiCMKQ0Y52NlLoxmUFe4G2lEyaadNmLiSZSpn2TXQl6s4n8QV8G9NaQUXP6st/TuD/jxdzJhVC70ZmZXVtfSO7mdva3tndM/P7dRklgtAaiXgkmh6WlLOQ1hRTnDZjQXHgcdrwRpW53xhTIVkU3qpJTDsB7ofMZwQrPeqa+WmlmzI2g6dQw3A4m3bNArKQ4zo2gshykO2ez8F1S0XHgbaFFiqApapd863di0gS0FARjqVs2ShWnRQLxQins1w7kTTGZIT7tKUxxAGVnXSx+gwe+5GAakDh4v09m+JAykng6UyA1UD+9ubDv7xWovxSJ2VhnCgaEh3Rnp9wqCI4bwD2mKBE8YkGTATTW0IywAITpXvK6fO/boT/Q/3Msi8s+6ZYKF8ti8iCQ3AEToANLkEZXIMqqAEC7sADeAYvxti4Nx6Np89oxlj+OQA/ZLx+AN3YkXc=</latexit>

|Cii + Cjj |

<latexit sha1_base64="Do6qpI6gJE5CzSD8PIn7dHpvya0=">AAAB9HicdZDLTgIxGIU7eEO8Dbp000hM3DjpKKPMxpCwcYmJXBIgpFM6UOhc0nYwZOBNdGXUnU/iC/g2FsREjZ7V1/+cJv9/vJgzqRB6NzIrq2vrG9nN3Nb2zu6emd+vyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3qsz9xpgKyaLwVk1i2glwP2Q+I1jpUdfMTyvdlLEZPIUahsPZtGsWkIUc17ERRJaDbPd8Dq5bKjoOtC20UAEsVe2ab+1eRJKAhopwLGXLRrHqpFgoRjid5dqJpDEmI9ynLY0hDqjspIvVZ/DYjwRUAwoX7+/ZFAdSTgJPZwKsBvK3Nx/+5bUS5Zc6KQvjRNGQ6Ij2/IRDFcF5A7DHBCWKTzRgIpjeEpIBFpgo3VNOn/91I/wf6meWfWHZN8VC+WpZRBYcgiNwAmxwCcrgGlRBDRBwBx7AM3gxxsa98Wg8fUYzxvLPAfgh4/UD4OSReQ==</latexit>

|Cii � Cjj |

<latexit sha1_base64="Ymh6E9W9FMoc79lE1YAWiHClGcI=">AAACFXicbZA7T8MwFIWd8irhFWBksah4TFVSIWBCRSyMRdCH1ESR4zqtqRNHtgOqov4O+DMwIWBAYubf4JQM0HKn4/sdS/ecIGFUKtv+Mkpz8wuLS+Vlc2V1bX3D2txqSZ4KTJqYMy46AZKE0Zg0FVWMdBJBUBQw0g6GFzlv3xEhKY9v1CghXoT6MQ0pRkqvfKu2D8+hK2h/oJAQ/B7W4LVPIXRdU5ODGXQLTd+q2FV7MnBWOIWogGIavvXh9jhOIxIrzJCUXcdOlJchoShmZGy6qSQJwkPUJ10tYxQR6WWTbGO4F3IB1YDAyfu3N0ORlKMo0J4IqYGcZvnyP9ZNVXjqZTROUkVirC2ahSmDisO8ItijgmDFRlogLKi+EuIBEggrXWQe35kOOytatapzXHWujir1s6KIMtgBu+AQOOAE1MElaIAmwOARPIM38G48GE/Gi/H6Yy0ZxZ9t8GeMz2+dSps8</latexit>

A ! 2Si

A0 ! 2Sj

<latexit sha1_base64="Ymh6E9W9FMoc79lE1YAWiHClGcI=">AAACFXicbZA7T8MwFIWd8irhFWBksah4TFVSIWBCRSyMRdCH1ESR4zqtqRNHtgOqov4O+DMwIWBAYubf4JQM0HKn4/sdS/ecIGFUKtv+Mkpz8wuLS+Vlc2V1bX3D2txqSZ4KTJqYMy46AZKE0Zg0FVWMdBJBUBQw0g6GFzlv3xEhKY9v1CghXoT6MQ0pRkqvfKu2D8+hK2h/oJAQ/B7W4LVPIXRdU5ODGXQLTd+q2FV7MnBWOIWogGIavvXh9jhOIxIrzJCUXcdOlJchoShmZGy6qSQJwkPUJ10tYxQR6WWTbGO4F3IB1YDAyfu3N0ORlKMo0J4IqYGcZvnyP9ZNVXjqZTROUkVirC2ahSmDisO8ItijgmDFRlogLKi+EuIBEggrXWQe35kOOytatapzXHWujir1s6KIMtgBu+AQOOAE1MElaIAmwOARPIM38G48GE/Gi/H6Yy0ZxZ9t8GeMz2+dSps8</latexit>

A ! 2Si

A0 ! 2Sj

<latexit sha1_base64="gmtsiRDc286jY2vfbYSw9eSO310="></latexit>

B ! 1p
2
(2Si + 2Sj)

B0 ! 1p
2
(�2Si + 2Sj)

<latexit sha1_base64="+8cKol7kXIE/zlF9AvXXAQXhB6A="></latexit>

B ! 1p
2
(�2Si � 2Sj)

B0 ! 1p
2
(2Si � 2Sj)

CHSH violation is probed by testing if |Cii ± Cjj | > √2

These estimators are optimal when off-diagonal Cij vanish



CHSH inequalities 
in top pair 
production
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It is really hard to violate CHSH inequalities!


34

Threshold: Ckk + Cnn → but beamline basis slightly better

Boosted: Crr − Cnn

Having ⎮Cii ± Cjj⎮ > √2 requires two C’s of order 0.7, 
which can only be achieved quite close to threshold, 
or in the very boosted central region.

low statistics 
even at HL-LHC
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CHSH violation involves only two coefficients. Near threshold, it pays off to 
make two of them larger even if the third one is smaller.


Beamline basis: simply 

35

σ Ckk Crr Cnn Ckr Cxx Cyy Czz

no β cut 303 fb -0.677 -0.562 -0.712 0.067 -0.719 -0.719 -0.506

β ≤ 0.8 181 fb -0.743 -0.640 -0.761 0.052 -0.767 -0.767 -0.602

<latexit sha1_base64="xpp0oER8iUCN3LUrQobEyHKsntw=">AAACIXicbVBLS8NAGNzUV62vqEcvi0VooZRERL1YCl48VrAPaEPZbDfN0s3D3Y0YQ3+N/hnFg6gX8c+4SXPQ1jnNzszCN2OHjAppGF9aYWl5ZXWtuF7a2Nza3tF39zoiiDgmbRywgPdsJAijPmlLKhnphZwgz2aka08uU797R7iggX8j45BYHhr71KEYSSUN9cbARRLewwtYMWtGzajCwW2ERjCT41Q2auac/DCTlVEd6mWjbmSAi8TMSRnkaA3118EowJFHfIkZEqJvGqG0EsQlxYxMS4NIkBDhCRqTvqI+8oiwkqznFB45AYfSJTB7/84myBMi9myV8ZB0xbyXiv95/Ug651ZC/TCSxMcqojwnYlAGMJ0LjignWLJYEYQ5VVdC7CKOsFSjllR9c77sIukc183Tunl9Um428iGK4AAcggowwRlogivQAm2AwRN4AR/gU3vUnrU37X0WLWj5n33wB9r3D82qnPc=</latexit>

x̂ = (1, 0, 0) ŷ = (0, 1, 0) ẑ = (0, 0, 1)

<latexit sha1_base64="WtuqKmvXy7TVOuhhCpE8+Cfm8jo=">AAACA3icbVDLTgJBEJzFF+Jr1aOXicTEE9kVXydD4kGPmMgjYQmZHRqYMPtwptdINnjTn9GTUW/+gT/g3zggBwXrVN1VnXSVH0uh0XG+rMzc/MLiUnY5t7K6tr5hb25VdZQoDhUeyUjVfaZBihAqKFBCPVbAAl9Cze+fj/TaLSgtovAaBzE0A9YNRUdwhmbVsmnQSpF6PlMUh9STcEOLR8V7D+EO0wuoDlt23ik4Y9BZ4k5InkxQbtmfXjviSQAhcsm0brhOjM2UKRRcwjDnJRpixvusCw1DQxaAbqbjJEO614nMIz2g4/m3N2WB1oPAN56AYU9Pa6Plf1ojwc5pMxVhnCCE3FiM1kkkxYiOCqFtoYCjHBjCuBLmS8p7TDGOpracie9Oh50l1YOCe1xwrw7zpbNJEVmyQ3bJPnHJCSmRS1ImFcLJI3kmb+TderCerBfr9ceasSY32+QPrI9vDUmXEQ==</latexit>

mtt̄  353 GeV
really tight cut!

B ≡ ⎮Cxx + Cyy⎮ − √2 = 0.024                            0.120
β ≤ 0.8CHSH violation


indicator

estimator nearly optimal
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In the boosted central region the helicity basis is way better

36

σ Ckk Crr Cnn Ckr Cxx Cyy Czz

23.3 fb 0.659 0.874 -0.760 0.037 -0.043 -0.043 0.878

<latexit sha1_base64="rPREMeegNyabAi/yLfzgXAi1bwo="></latexit>

mtt̄ � 1 TeV , | cos ✓CM|  0.2

really tight cut!

CHSH violation

indicator B ≡ ⎮Crr − Cyy⎮ − √2 = 0.210

estimator nearly optimal
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What about dedicated observables to measure ⎮Cii ± Cjj⎮?


37

<latexit sha1_base64="2f21bzDRW4KN4HDBvhPFkHitS5M="></latexit>

A± =
N(cos('a ⌥ 'b) > 0)�N(cos('a ⌥ 'b) < 0)

N(cos('a ⌥ 'b) > 0) +N(cos('a ⌥ 'b) < 0)

=
⇡

16
↵a↵b(C11 ± C22)

JAAS, Casas,2205.00542
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How much is the improvement? 


Setting systematics aside, there is an improvement of the statistical 
uncertainty of the `CHSH violation indicators´ B = ⎮Cii ± Cjj⎮ − √2


In all cases the statistics are small, therefore an improvement of the 
statistical sensitivity is very welcome.


38

threshold [β, A+]

boosted [A−]

6.8 ×

1.13 ×

LHC Run 2+3 300 fb-1

threshold [β, A+]

boosted [A−]

6.8 ×

1.13 ×

<latexit sha1_base64="DmgF2R5OPg34Jpn6n6bMfGomSMU=">AAACJ3icbVDLSgMxAMz6rPVV9eglWARPZbe2Kh6kqAePFewDuqVk07QbmmzWJKuUpR+k3yLoSaw3/8RsXXy0ziWTmQlkxgsZVdq2x9bc/MLi0nJmJbu6tr6xmdvarisRSUxqWDAhmx5ShNGA1DTVjDRDSRD3GGl4g4vEb9wRqagIbvQwJG2O+gHtUYy0kTq5y/NT6N5GqAvtgl10oBvyhJUPU9VlIuhL2vc1klLcf2edn2yp3MnlzTkBnCVOSvIgRbWTe3K7AkecBBozpFTLsUPdjpHUFDMyyrqRIiHCA9QnLUMDxIlqx5O2I7jfExJqn8DJ/Xc2RlypIfdMhiPtq2kvEf/zWpHunbRjGoSRJgE2EeP1Iga1gMlosEslwZoNDUFYUvNLiH0kEdZm2qyp70yXnSX1YsE5KjjXpXzlLB0iA3bBHjgADjgGFXAFqqAGMHgEL2AM3q0H69l6td6+onNW+mYH/IH18Ql+/aFS</latexit>

B : 0.021± 0.053 �! 0.121± 0.045

<latexit sha1_base64="bqEMCeJBrfudQAEgcTtuKQlVVDs=">AAACJ3icbVBLTwIxGOziC/G16tFLIzHxRLYElXgwRD14xEQeCUtItxS2obtd266GbPhB+ltM9GTEm//Eghsf4JymM9Pkm/EizpR2nLGVWVhcWl7JrubW1jc2t+ztnboSsSS0RgQXsulhRTkLaU0zzWkzkhQHHqcNb3Ax8Rt3VComwhs9jGg7wP2Q9RjB2kgd+/L8FLq3Me5Cp1BEZehGgWGohFLV5SLsS9b3NZZS3P9kne9s8ahj552CMwWcJygleZCi2rGf3K4gcUBDTThWqoWcSLcTLDUjnI5ybqxohMkA92nL0BAHVLWTadsRPOgJCbVP4fT9O5vgQKlh4JlMgLWvZr2J+J/XinWv3E5YGMWahsREjNeLOdQCTkaDXSYp0XxoCCaSmSsh8bHERJtpc6Y+mi07T+rFAjouoOtSvnKWDpEFe2AfHAIETkAFXIEqqAECHsELGIN368F6tl6tt69oxkr/7II/sD4+AZD/oV0=</latexit>

B : 0.218± 0.141 �! 0.208± 0.125

<latexit sha1_base64="EsreVSH4e+VM64uhjujFIfic+ek=">AAACJ3icbVBNS8MwAE39nPOr6tFLcAieRjvHHB5kqAePE9wHrGWkWdqFpU1NUmWU/SD9LYKexHnzn5jN4sfmu+TlvRfIe17MqFSWNTYWFpeWV1Zza/n1jc2tbXNntyl5IjBpYM64aHtIEkYj0lBUMdKOBUGhx0jLG1xM/NYdEZLy6EYNY+KGKIioTzFSWuqal+en0LlNUA9axZJdhU4camaV7Ux1GI8CQYO+QkLw+5+s9Z09rnTNgj6ngPPEzkgBZKh3zSenx3ESkkhhhqTs2Fas3BQJRTEjo7yTSBIjPEAB6WgaoZBIN522HcFDnwuo+gRO77+zKQqlHIaezoRI9eWsNxH/8zqJ8qtuSqM4USTCOqI9P2FQcTgZDfaoIFixoSYIC6p/CXEfCYSVnjav69uzZedJs1S0K0X7ulyonWVD5MA+OABHwAYnoAauQB00AAaP4AWMwbvxYDwbr8bbV3TByN7sgT8wPj4BkNChXQ==</latexit>

B : 0.218± 0.041 �! 0.208± 0.036

<latexit sha1_base64="5jjrCamCxl//KHEK4vFOQqiIi9E=">AAACJ3icbVDLSgMxAMzWV62vqkcvwSJ4Kru1WPEgRT14rGAf0C0lm6a7oclmTbJKWfpB+i2CnsR6809M6yK1dS6ZzEwgM17EqNK2PbYyS8srq2vZ9dzG5tb2Tn53r6FELDGpY8GEbHlIEUZDUtdUM9KKJEHcY6TpDa4mfvOBSEVFeKeHEelw5Ie0TzHSRurmry/PoXsfox60i3apDN2IT5hTSVWXidCX1A80klI8/madmexJN18w5xRwkTgpKYAUtW7+xe0JHHMSasyQUm3HjnQnQVJTzMgo58aKRAgPkE/ahoaIE9VJpm1H8KgvJNQBgdP7bDZBXKkh90yGIx2oeW8i/ue1Y90/6yQ0jGJNQmwixuvHDGoBJ6PBHpUEazY0BGFJzS8hDpBEWJtpc6a+M192kTRKRee06NyWC9WLdIgsOACH4Bg4oAKq4AbUQB1g8AzewBh8Wk/Wq/VuffxEM1b6Zh/8gfX1DYE0oVM=</latexit>

B : 0.024± 0.017 �! 0.124± 0.013

HL-LHC 3 ab-1
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Loopholes? There are many!


We are assuming quantum mechanics [in the decay of the top quark] to test 
quantum mechanics [by CHSH inequalities].

Free-will loophole: we are not measuring spins in the pre-determined 
directions we want.


Causal connection: near threshold, the decay of the two top quarks may 
not be causally disconnected.


… but in any case, these are very nice and demanding measurements!

39



Summary, again

This topic [of quantum entanglement in HEP] does not seem to bring any 
new insight for new physics searches.


But it is a nice twist in the interpretation of good old spin correlations in 
top - antitop, and more… 


And it motivates the introduction of new observables.


It is quite fashionable now, and ATLAS and CMS are running to get the 
first measurements.


Measurements will make nice headlines as the `highest-energy ever´ 
tests of quantum mechanics, etc. 

40



End
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CHSH violation tests with CTC eigenvalues [λ1 + λ2 > 1]

42

Fabbrichesi et al.  2102.11883
Fast simulation with Delphes


Only resonant diagrams


Kinematical reconstruction and 
unfolding to parton level


Optimised selection in mtt ⎯ θ 
phase space


Helicity basis used BUT flipping axis for anti-top

CHSH violation at 98% CL [2.3σ] with Run 2 [139 fb-1]


CHSH violation at 4σ with Run 3 [??? fb-1]
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Why do I worry about the flip sign in the basis definition? It is incorrect.

43

<latexit sha1_base64="NMkhRONABYYR4BqOqfK6o9qrNCE="></latexit>

⇢ =

0

BB@

1 + C33 0 0 C11 � C22 � i2C12

0 1� C33 C11 + C22 0
0 C11 + C22 1� C33 0

C11 � C22 + i2C12 0 0 1 + C33

1

CCA

In some phase space region:

<latexit sha1_base64="7upMl69+eKenzixSi5c9v2y8mkY="></latexit>

C11 = 0.743 C22 = 0.640

C33 = 0.761 C12 = �0.052
Eigenvalues 1.9, 1.6, 1.6, -1.1

<latexit sha1_base64="Kz171XWpqoWkQ2u0ZlxpX5nO7VI="></latexit>

C11 = �0.743 C22 = �0.640

C33 = �0.761 C12 = 0.052
Eigenvalues 3.1, 0.4, 0.4, 0.1

Sign flip

No sign flip
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Because the eigenvalues of CTC are biased, the violation of CHSH 
equalities is not signalled by λ1 + λ2 > 1 


Significance decreases when taking bias into account

44

Severi et al.  2110.10112

CHSH-conserving has ⟨λ1 + λ2⟩ > 1

CHSH-violating


