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- Dilepton decays of vector particles (Z, W, photon, J/ψ, etc.)
- The Lam-Tung relation
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Basics

Measure polarization of a particle = 
measure the (average)
angular momentum composition
in which the particle is produced,
by studying the angular distribution
of its decay in its rest frame

3



Polarization of vector particles

J = 1 → three Jz eigenstates | 1, +1 〉, | 1, 0 〉, | 1, -1 〉 wrt a certain z

The decay into a fermion-antifermion pair is an especially clean case to be studied
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z
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2)  rotational covariance
of angular momentum 
eigenstates

NO YES

f

1) elementary coupling properties
“helicity conservation”

γ* , Z , 
g , ...

The shape of the observable angular distribution is determined by 
a few basic principles:

=

3)  parity properties

?
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1: helicity conservation

Relevant property for cases considered here:
EW and strong forces preserve the chirality (L/R) of fermions.
In the relativistic (massless) limit,  chirality = helicity = spin-momentum alignment
→ the fermion spin never flips in the coupling to gauge bosons:

γ* , Z , 
g , ...

f

NO

NO

YES

YES
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example: dilepton decay of J/ψ

J/ψ angular momentum component along the polarization axis z:
MJ/ψ =  -1,  0,  +1

ℓ −

c

c

ℓ +

J/ψ γ*

z'

z

ℓ+

ℓ−

+1/2

0 is forbidden

J/ψ rest frame:

(–1/2)

+1/2
(–1/2)

| 1, MJ/ψ 〉

The two leptons can only have total angular momentum component

M’ℓ+ℓ− =  +1 or  -1 along their common direction z’

(determined by production mechanism)
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2: rotational covariance of angular momentum eigenstates

z'

z

| J, M 〉

θ,φ

change of quantization frame:
R(θ,φ): z → z’

y → y’
x → x’

Jz eigenstates 

Wigner D-matrices

| J, M’ 〉 = DMM’(θ,φ) | J, M 〉JΣ
M = - J

+ J

z'

z
90°

|1
, +

1 
〉

Example:

Classically, we would expect | 1, 0 〉| 1, +1 〉 +       | 1, −1 〉 − | 1, 0 〉1
2

1
2

1
√2
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Classically, we would expect | 1, 0 〉



example: M = 0

V rest 
frame

z'

z

| 1, 0 〉

θ

ℓ+

ℓ−

V (MV = 0) → ℓ+ℓ−(M’ℓ+ℓ− = +1)

→ the  Jz’ eigenstate | 1, +1 〉 “contains” the  Jz eigenstate | 1, 0 〉
with component amplitude D0,+1(θ,φ) 

| 1, +1 〉 = D−1,+1(θ,φ) | 1, −1 〉 +  D0,+1(θ,φ) | 1, 0 〉 + D+1,+1(θ,φ) | 1, +1 〉1 1 1

1

1
2|〈 1, +1 |O | 1, 0 〉|2 ∝ |D0,+1(θ,φ)|2 =      ( 1 − cos2θ )1*

z

→ the decay distribution is

ℓ+ℓ− ←   J/ψ

V = J/ψ | Z
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3: parity properties

z

| 1, −1 〉 and | 1, +1 〉
distributions

are mirror reflections
of one another

Are they equally probable?

z

∝ 1  +  cos2θ + 2[P(+1)−P (−1)] cos θdN
dΩ

z

z

z
θ

ℓ+

ℓ−
| 1, −1 〉

z

z
θ

ℓ+

ℓ−
| 1, +1 〉

P (−1) >  P(+1) P (−1) =  P(+1) P (−1) <  P(+1)

∝ |D−1,+1(θ,φ)|2dN
dΩ

∝ 1  +  cos2θ − 2cos θ1* ∝ |D+1,+1(θ,φ)|2dN
dΩ ∝ 1  +  cos2θ + 2cos θ1*
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3: parity properties

z

| 1, −1 〉 and | 1, +1 〉
distributions

are mirror reflections
of one another

Are they equally probable?

z

∝ 1  +  cos2θ + 2[P(+1)−P (−1)] cos θdN
dΩ

z

z

z
θ

ℓ+

ℓ−
| 1, −1 〉

z

z
θ

ℓ+

ℓ−
| 1, +1 〉

P (−1) >  P(+1) P (−1) =  P(+1) P (−1) <  P(+1)

∝ |D−1,+1(θ,φ)|2dN
dΩ

∝ 1  +  cos2θ − 2cos θ1* ∝ |D+1,+1(θ,φ)|2dN
dΩ ∝ 1  +  cos2θ + 2cos θ1*

Decay distribution of | 1, 0 〉 state is always parity-symmetric:

z

∝ 1 − cos2θdN
dΩ ∝ |D0,+1(θ,φ)|21*
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General distribution: reference frame

reference plane
(= production plane,

or plane of daugher and 
mother momenta for CX) 

θ

φ

chosen polarization axis

ℓ +

particle
rest frame

y
x

zz
pp c.o.m. helicity (HX): particle direction wrt pp c.o.m. 

Gottfried-Jackson (GJ): direction of one or the other beam

Collins-Soper (CS): average of the two beam directions

perpendicular helicity (PX): perpendicular to CS

(etc.)
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General distribution: shape

parity violating

reference plane
(= production plane,

or plane of daugher and 
mother momenta for CX) 

θ

φ

chosen polarization axis

ℓ +

particle
rest frame

y
x

zz

average
polar anisotropy

average
azimuthal anisotropy

correlation
polar - azimuthal

+ ...

λθ , λφ , λθφ , etc. depend on the chosen frame [Faccioli et al., EPJC 69, 657 (2010)]
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pp c.o.m. helicity (HX): particle direction wrt pp c.o.m. 

Gottfried-Jackson (GJ): direction of one or the other beam

Collins-Soper (CS): average of the two beam directions

perpendicular helicity (PX): perpendicular to CS

(etc.)



Why “transverse” (photon-like) polarizations are common

ϒ(2S+3S)

Drell-Yan

pT [GeV/c]0 1 2
- 0.5

1.0

0.0

0.5

1.5

E866, Collins-Soper frame

dN
dΩ ∝ 1  + λ cos2θ

Drell-Yan is a paradigmatic case
But not the only one

The “natural” polarization axis in this case is
the relative direction of the colliding fermions
(Collins-Soper axis)

q

V
z

(             ) (             )(–1/2)
+1/2

q

qq

q-q rest frame
= V rest frame

We can apply helicity conservation at the production vertex to predict that
all vector states produced in fermion-antifermion annihilations (q-q or e+e–) at Born level 
have transverse polarization

V = γ*, Z, W
|V 〉 =  | 1, +1 〉

(| 1, −1 〉)
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The observed polarization depends on the frame

For |pL| << pT , the CS and HX frames differ by a rotation of  90º

y

x

z

y′
x′

z′

0ψ =

21 cosdN
d

θ−∝
Ω

221 cos sin cos2dN
d

θ θ ϕ−+∝
Ω

1 11 1
2 2

ψ = + − −

90º

(pure state) (mixed state)

longitudinal “transverse” (!)
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The observed polarization depends on the frame

For |pL| << pT , the CS and HX frames differ by a rotation of  90º

y

x

z

y′
x′

z′

1 1orψ = + −

21 cosdN
d

θ+∝
Ω

2 2

3
1
3

1 1 co sin cos2sdN
d

θ θ ϕ−∝
Ω

+

1 1 11 1 0
2 2 2

ψ = + + − 

90º

(pure state) (mixed state)

transverse moderately “longitudinal”

15

rotation in the 
production 

plane!



All reference frames are equal…
but some are more equal than others

Gedankenscenario:
• dileptons are fully transversely polarized in the CS frame
• the decay distribution is measured at the ϒ(1S) mass

by 6 detectors with different dilepton acceptances:

CDF |y| < 0.6

D0 |y| < 1.8

ATLAS & CMS |y| < 2.5

ALICE e+e− |y| < 0.9

ALICE μ+μ− 2.5 < y < 4

LHCb 2 < y < 4.5

What do different detectors measure with arbitrary frame choices?
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The lucky frame choice
(CS in this case)

ALICE μ+μ− / LHCb
ATLAS / CMS
D0
ALICE e+e−
CDF

dN
dΩ ∝ 1  + cos2θ

17



Less lucky choice
(HX in this case)

λθ = +0.65

λθ = −0.10

+1/3

−1/3

ALICE μ+μ− / LHCb
ATLAS / CMS
D0
ALICE e+e−
CDF

artificial (experiment-dependent!)
kinematic behaviour
→ measure in more than one frame!
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A complementary approach:
frame-independent polarization

3
1
ϑ ϕ

ϕ

λ λ
λ

λ
+

=
−



→ it can be characterized by a frame-independent parameter, defined e.g. as

λθ = +1
λφ = 0

λθ = –1/3
λφ = +1/3

λθ = +1/5
λφ = +1/5

λθ = –1
λφ = 0

λθ = +1
λφ = –1

λθ = –1/3
λφ = –1/3

z

frame transformations HX ↔ CS ↔ GJ: all rotations in the production plane!

The shape of the distribution is (obviously) frame-invariant (= invariant by rotation)

λ = +1~ λ = −1~

λ =~ or

F = 1/2 F = 0
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[Faccioli et al., PRL 105, 061601 (2010)]



Example 20

Gedankenscenario: vector state produced in this subprocess admixture:
• 60% processes with natural transverse polarization in the CS frame
• 40% processes with natural transverse polarization in the HX frame

CDF |y| < 0.6
D0 |y| < 1.8
ATLAS/CMS |y| < 2.5
ALICE e+e− |y| < 0.9
ALICE μ+μ− 2.5 < y < 4
LHCb 2 < y < 4.5

assumed indep.
of kinematics,
for simplicity

M = 10 GeV/c2

CS HX

polar

azimuthal In neither frame we recognize 
that the natural polarization 
is always fully transverse!



Example 21

Gedankenscenario: vector state produced in this subprocess admixture:
• 60% processes with natural transverse polarization in the CS frame
• 40% processes with natural transverse polarization in the HX frame

CDF |y| < 0.6
D0 |y| < 1.8
ATLAS/CMS |y| < 2.5
ALICE e+e− |y| < 0.9
ALICE μ+μ− 2.5 < y < 4
LHCb 2 < y < 4.5

assumed indep.
of kinematics,
for simplicity

• Immune to “extrinsic” 
kinematic dependences

→ less acceptance-dependent
→ facilitates comparisons
• useful as closure test

M = 10 GeV/c2

CS HX

polar

azimuthal

rotation-
invariant

In neither frame we recognize 
that the natural polarization 
is always fully transverse!



Frames for Drell-Yan, Z and W polarizations

V

V V

q

q q

q* q*

q
_

V

q

q*

V = γ*, Z, W

• ...but with respect to a subprocess-dependent quantization axis

z = relative dir. of incoming q and qbar
(∼ Collins-Soper frame)

z = dir. of one incoming quark
(∼ Gottfried-Jackson frame)

z = dir. of outgoing q
(= parton-cms-helicity lab-cms-helicity)

q
_

q

g

g

0( )SO α

1( )SO α
QCD

corrections

Due to helicity conservation at the q-q-V (q-q*-V) vertex,
Jz = ± 1 along the q-q (q-q*) scattering direction z

_
_

z

important only up to pT = O(parton kT)

• polarization is always fully transverse...

∼∼
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“Optimal” frames for Drell-Yan, Z and W polarizations
Different subprocesses have different “natural” quantization axes

For s-channel processes the natural axis
is the direction of the outgoing quark
(= direction of dilepton momentum)

→ optimal frame (= maximizing polar anisotropy): HX

V

q

q*
q

g

HX
CS
PX
GJ1
GJ2

example: Z
y = +0.5

(negative beam)
(positive beam)

(neglecting parton-parton-cms
vs proton-proton-cms difference!)

−1/3
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“Optimal” frames for Drell-Yan, Z and W polarizations
Different subprocesses have different “natural” quantization axes

For t- and u-channel processes the natural axis is
the direction of either one or the other incoming parton 
(∼ “Gottfried-Jackson” axes)

→ optimal frame: geometrical average of GJ1 and GJ2 axes = CS (pT < M) and PX (pT > M)

V Vq q

q* q*
q
_

g

HX
CS
PX
GJ1 = GJ2MZ

example: Z
y = +0.5

−1/3
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A look at Z and W data 25

[PLB 750, 154 (2015)]

dN
dΩ

∝ 1  +                  cos2θ
1−     A0

3
2

1+     A0
1
2

A0 = 0 
↑↓

Jz = ±1

Z by CMS

dN
dΩ

∝ 1  + λθ cos2θ

λθ = +1  ↔ Jz = ±1

[D0, PRD 63 (2001) 072001,
CDF, PRD 70 (2004) 032004]

W by CDF & D0 The kinematic dependence of 
λθ (or A0) reflects how the 
contributing QCD processes
(s, t/u-channel) mix together
as a function of pT and y

→ frame-dependent
parameters are certainly
useful to study QCD

(Only) the s-channel term
(qg → Z/W + quark jet)
also depends on PDFs (y vs y)^



Rotation-invariant Drell-Yan, Z and W polarizations

V

V V

q

q q

q* q*

q
_

V

q

q*

“natural” z = relative dir. of q and qbar
→ λθ(“CS”) = +1

z = dir. of one incoming quark
→ λθ(“GJ”) = +1

z = dir. of outgoing q
→ λθ(“HX”) = +1

q
_

q

g

g

0( )SO α

1( )SO α
(LO) QCD

corrections

wrt any axis: λ = +1~

λ = +1~

λ = +1~

λ = +1~
any frame

In all these cases the q-q-V lines are in the production plane (“planar” processes)
The CS, GJ, pp-HX and qg-HX axes only differ by a rotation in the production plane

V = γ*, Z, W

• ...but with respect to a subprocess-dependent quantization axis

Due to helicity conservation at the q-q-V (q-q*-V) vertex,
Jz = ± 1 along the q-q (q-q*) scattering direction z

_
_

z

• polarization is always fully transverse...

Note:  λ = +1 in both
pp-HX and qg-HX frames!

~
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The Lam-Tung relation
27

Lam-Tung relation

ϑ ϕλ λ+ =4 1 independently of the
polarization frame



The Lam-Tung relation after 27 years
28

Is this really a “QCD result” ?



The Lam-Tung relation today

A fundamental result of the theory of vector-boson polarizations (Drell-Yan, 
directly produced Z and W) is that, at leading order in perturbative QCD,

3
4 11

1
ϑ ϕ

ϕ
ϑ ϕλ λ

λ λ
λ

λ
+

= = + ⇒ +
−

=

Today we know that it is only a special case of general frame-independent polarization 
relations, corresponding to a transverse intrinsic polarization:

Lam-Tung relation

It is not really a “QCD relation”:
on the contrary, all “QCD details” (parton types, topology, parton PDFs) disappear from it!
It is simply a consequence of
1) rotational invariance
2) properties of the E.W. quark-photon/Z/W couplings (helicity conservation)

ϑ ϕλ λ+ =4 1 independently of the polarization frame

This identity was considered as a surprising result

λ =~
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What about higher-order QCD corrections? 30

Any correction with “internal” gluons is harmless to the Lam-Tung relation:
helicity conservation still holds at the q*-q*-V vertex;
the natural polarization axis may change direction and become “inapproximable” 
experimentally (virtual quark line), but it remains in the production plane

Processes leading to 3 (or more) final states are different:

Still, because of helicity conservation, the V polarization is transverse along some axis;
but now such axis can “exit” the production plane
The tilt induces a minimal or negligible modification on λθ (the tilt of a “vector” produces 
the same reduced projection independently of the direction of the tilt)
Instead, λφ (measured wrt the production plane, which no longer contains the event)
is rotationally smeared and does not compensate for the reduced λθ

→ F < 1/2, λ < +1: the Lam-Tung relation is violated (but the invariants remain invariant!)~

In practice, the Lam-Tung relation characterizes 2-to-1 and 2-to-2 processes

all planar
topologies

non-planar
topologies

V
q

q
_

q*

q*
V

q

q
_

q*

q*

Vq
q*

q
_

g

q* Vq
q*

g q

q* V

q

q*
q

g
q*

Processes leading to 3 (or more) final states are different:

V
q

q
_

g

g

q*

q*

V

q

q
_

g

g
q*

q*

q
V

qg

g
q*

q*



A quantitative discriminant of physics cases

→ Lam-Tung. New interpretation: only vector boson – quark – quark
couplings (in planar, 2-to-1 and 2-to-2 processes) → automatically verified in 
DY at QED & LO QCD levels and in several higher-order QCD contributions

→ same, “ordinary” vector-boson – quark – quark couplings, 
but in non-planar 2-to-3+ processes (e.g. Z + n jets, with n>1) 

→ contribution of different/new couplings or processes
(e.g.: Z from Higgs, W from top, triple ZZγ coupling,

higher-twist effects in DY production, etc.)

−1 < λ << +1~

+1 < λ < +∞~

λ = +1~

λ = +1 −O(0.1)~

(F = 1/2)

OR

(0 < F << 1/2)

(1/2 < F < 1)

with λ → +1 for pT → 0~
smearing due to intrinsic parton kT

λ < −1~
(F < 0  or F > 1)

→ experimental mistake

can always be defined and is always frame-independent
→ any violation, λ − 1 ≠ 0, is quantitatively frame-independent

Even when the Lam-Tung relation is violated,
λ~

~

(F → 1/2)

(F = 1/2 − O(0.1))
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